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Preface

THESE ARE NOTES based on the lectures given at the T.I.F.R.
Centre, Indian Institute of Science, Bangalore, during July and August
of 1977. Starting from Brownian Motion, the lectures quickly got into
the areas of Stochastic fierential Equations and Busion Theory. An
attempt was made to introduce to the students diverse aspects of the
theory. The last section on Martingales is based on some additional
lectures given by K. Ramamurthy of the Indian Institute of Science. The
author would like to express his appreciation of tlios by Tara R.
Nanda and PL. Muthuramalingam whose dedication and perseverance
has made these notes possible.

S.R.S. Varadhan



1. The Heat Equation

LET US CONSIDER the equation 1
1
1) U — EAU =0

which describes (in a suitable system of units) the temperature distribu-
tion of a certain homogeneous, isotropic body in the absence of any heat
sources within the body. Here

2u
a-a

oD

d
0
u=u(xg,...,Xdt); utz—u' AU:Z

_><I\)

1
t represents the time ranging over ¢0) or [0, T] and X = (X1...Xq)
belongs tdR¢.
We first consider the initial value problem. It consists in integrating
equation[{]l) subject to the initial condition

(2) u(0, x) = f(x).
The relation[(R) is to be understood in the sense that
tE}tou(t, X) = f(X).

Physically [2) means that the distribution of temperature throughout
the body is known at the initial moment of time.

We assume that the solutianhas continuous derivatives, in the
space coordinates upto second order inclusive and first order derivative
in time.



2 1. The Heat Equation

It is easily verified that

3 _ 1 XP\. 2 S
3) Wt = oo |5 ) X —Z‘xi,
satisfies L) and

4) u(0,%) = Lt u(t,x) = 6(x)

Equation [(#) gives us a very nice physical interpretation. The so-
lution (@) can be interpreted as the temperature distribution within the
body due to a unit sourse of head specified at0 at the space point
x = 0. The linearity of the equatioill(1) now tells us that (by superpo-
sition) the solution of the initial value problem may be expected in the
form

(5) u(t, ) = f F(y)p(t. x - y)dy.
Rd

where
X2

p(t, x) = 292 xXp-—-

Exercise 1l.Let f(X) be any bounded continuous function. Verify that
p(t, x) satisfies[{ll) and show that

(@) [ p(t,x)dx=1,vt> 0;
(b) L [ et ) f(x)dx = £(0);

(c) using (b) justify [#). Also show thafl(5) solves the initial value
problem.

(Hints: For (a) use f eXdx = /. For part (b) make the substitution

X and apply Lebesgue dominated convergence theorem).
T

R



Since equation[{]1) is linear with constant @@&ents it is invariant
under time as well as space translations. This means that translates of
solutions are also solutions. Further, ¢ 0,t > 0 andy € RY,

exp_ X~ y?
Rrt+ 9192 " 2(t+9)

(6) u(t, x) =

and fort > s y e RY,

X — yI?

@ X = e P s g

are also solutions of the heat equati@h (1).

The above method of solving the initial value problem is a sort of
trial method, viz. we pick out a solution and verify that it satisflds (1).
But one may ask, how does one obtain the solution? A partial clue to this
is provided by the method of Fourier transforms. We pretend as if our
solutionul(t, X) is going to be very well behaved and allow all operations
performed oru to be legitimate.

Putv(t, X) = G(t, X) wherestands for the Fourier transform in the
space variables only (in this case), i.e.

v(t, X) = f u(t, y)e *vdy.
Rd

Using equation[{]1), one easily verifies that

® () = 3P )
with
9) v(0, %) = f(X).

The solution of equatiori]8) is given by
(10) v(t, x) = f(x)e /2,

We have used]9) in obtaining{10).



4 1. The Heat Equation

Exercise 2.Verify that 4

ﬂﬂv

p(t, X) = exp— ( >

Using Exercis€l2[T10) can be written as
(11) v(t, ) = G(t, %) = F()B(t, ).

The right hand side above is the product of two Fourier transforms
and we know that the Fourier transform of the convolution of two fun-
tions is given by the product of the Fourier transforms. Hamtex) is
expected to be of the forrhl(5).

Observe that iff is non-negative, themn is nonnegative and if
is bounded byM thenu is also bounded by in view of part (a) of
ExercisdlL.

The Inhomogeneous EquationConsider the equation
A .
Vi — ?V =g, with v(0,x) =0,

which describes the temperature within a homogeneous isotropic body
in the presence of heat sources, specified as a function of time and space
by g(t, X). Fort > s,

Ix -y
Rrt-9192 P 2a- 9

ut, x) =

. . 1 . .
is a solution ofk(t, X) — EAu(t, X) = 0 corresponding to a unit source at

t = s, x=y. Consequently, a solution of the inhomogeneous problem is
obtained by superposition.
Let

t
Y
9= [ [ o0 ool 5 o
RI O



t

v(t, X) = f w(t, X, s)ds
0
where

1 X — y?
w(t, X, s) = fg(s, V)W exp(— 2(t - s)) dy.
Rd

Exercise 3.Show thatv(t, X) defined above solves the inhomogeneous
heat equation and satisfi®fd, x) = 0. Assume thag is suficiently

1
smooth and has compact suppaxt- EAV = SI:S w(t, X, s) and now use
part (b) of Exercise{1).

Remark 1. We can assumghas compact support because in evaluating

Vi — EAv the contribution to the integral is mainly from a small neigh-
bourhood of the pointt(x). Outside this neighbourhood

|x — y|2)
2t-9)

[27(t — 9]9/2 eXp(_
satisfies

1
- =Au=0.
Ut 2uO

2. If we putg(s,y) = 0 for s < 0, we recognize that(t,x) = g = p.
Taking spatial Fourier transforms this can be written as

t
1
vt.9) = [ olsHerp-5(t- Selek.
0

or
oV ov 1 1
i o(t, &) + EAV = (g(t, &)+ EAV)'
Therefore
ov 1
— —=-Av=g



6 1. The Heat Equation

Exercise 4.Solvew; — %AW =gon[0,c0) x RIwithw = f on{0} xRY 6
(Cauchy problem for the heat equation).

UniquenessThe solution of the Cauchy problem is unigue provided the
class of solutions is suitably restricted. The uniqueness of the solution
is a consequence of the Maximum Principle.

Maximum Principle. Let u be smooth and bounded [ T] x RY sat-
isfying
Au . d d
ut—720 in (O, T]xR*" and u(0,x) >0, YxeR".

Then
ut,x) >0V, tel0,T] and VxeRY.

Proof. The idea is to find minima fou or for an auxillary function.

Step 1.Letv beanyfunction satisfying

AV

2>0in(anR¢

Vi —

Claim . v cannot attain a minimum fap € (0, T]. Assume (to get a
contradiction) that/(tg, Xo) < W(t, X) for somety > 0 and for allt €
[0,T], ¥x € RY. At a minimumw(to, Xo) < 0, (sincety # 0) Av(tg, Xo) >
0. Therefore

AV
(Vt - ?) (to, Xo) < 0.
Thus, ifv has any minimum it should occur &t= 0.
Step 2.Lete > 0 be arbitrary. Choose such that
h(t, X) = |X? + at

satisfies

ht—%h:a—d>0 (saya = 2d).



Putv. = u+ eh. Then

ov. 1
E - EAVE > 0.

Asuis boundedy, — +o0 as|x] — +o0, V. must attain a minimum.
This minimum occurs at= 0 by Step 1. Therefore,

Ve(t, X) > Ve(0, Xo) for some xg € RY,

ie.
Ve(t, X) > u(0, Xo) + €|Xol® > 0,
ie.
u(t, x) + eh(t, x) > 0, Ve.
This gives
u(t,x) > 0.
This completes the proof. m|

Exercise 5. (a) LetL be a linear dierential operator satisfyingu =
gonQ (open inRY% andu = f ondQ. Show thatu is uniquely
determined byf andgif and only if Lu = 0 onQ andu = 0 on
0Q imply u=0onQ.

(b) Letu be a bounded solution of the heat equatipr- EAu =g
with u(0, x) = f(x). Use the maximum principle and part (a) to
show thatu is unique in the class of all bounded functions.

(c) Let

0 - e’ ift>0,
¥ 0, ift<0,

2 g (t/2)x2
u(t,x):;)%, on RxR
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Then A
u0,x) =0, ut:?u, uzo,
i.e.u satisfies
16%u .
U — 29 =0, with u(0,x)=0.

This example shows that the solution is not unique becauise,
not bounded. (This example is due to Tychfiho

X1

Lemma 1. Let pt, X) = exp—j fort > 0. Then

(zﬂt)d/Z
pt,-) = p(s,-) = pt + s, ).

Proof. Let f be any bounded continuous function and put

u(t, x) = f F(y)p(t, X — y)dy.
Rd

Thenu satisfies

1
U — EAU =0, u(0,x) = f(x).

Let
v(t,X) = ut + s X).

Then 1
Vi — EAV =0, Vv(0,Xx) =u(s X.

This has the unique solution
vt ) = [ s )P x-y)dy
Thus

ff(y)p(t+s,x—y)dy=fff(z)p(sy—z)p(t,x—y)dz dy
Rd



This is true for allf bounded and continuous. We conclude, there-
fore, that

p(t, ) * p(s,-) = plt+s,-).

Exercise 6.Prove Lemma@l1 directly using Fourier transforms.

It will be convenient to make a small change in notation which will
be useful later on. We shall writgs, x, t,y) = p(t—s, y—X) for everyx, y
andt > s. p(s, %, t,y) is called theransition probability in dealing with
Brownian motion. It represents the probability density that a “Brownian
particle” located at space poirtat times moves to the space poipiat
a later timet.

Note .We use the same symbagl for the transition probability; it is
function of four variables and there will not be any ambiguityusing
the same symbap.

Exercise 7.Verify that
f p(s x t,Y)p(t,y, o, 2dy = p(s, X, 0,2), s<t<o.
Rd

(Use Exercisgl6).

Remark . The significance of this result is obvious. The probability
that the particle goes from at time sto z at time o is the sum total
of the probabilities, that the particle moves frotrat s to y at some
intermediate timé and then t@ at timeo.

(y,1)

(2,0)



10 1. The Heat Equation

10 . . . . : .
In this section we have introduced Brownian Motion corresponding

1 . ..
to the operatokA. Later on we shall introduce a more generdlusion

2
rocess which corresponds to the o erlc)j ii s + Y bj 0
P P P %t a”(?Xian J(?Xj.



2. Kolmogorov’'s Theorem

Definition. LET (Q2, 4, P) BE A probability space. A stochastic processl
in RY is a collection{X; : t € |} of R9-valued random variables defined
on @, A).

Note 1.1 will always denote a subset &* = [0, o).

2. X; is also denoted b¥(t).

Let {X; : t € I} be a stochastic process. For any collectign
to,...,tx such thatt; e land 0< t; < tp < ... < tx and any Borel
setA, inRYx R x --- x RY (k times),. define

Ft, ... t(A) = P(we Q : (X, (W), ..., X, (W) € A).

{ti,.. .ty c{s,....,s¢}cl, with 1>k
such that
PR T P CPS AT T ()
let then

miRIx - xRY(L times)— RY x - -- x RI(k times)

be the canonical projection. E; c RY is any Borel set irRY, i =
1,2,...,k then

A Y Ey X xEy) =RIx - X Eyy xRIx -+ x By, X --- X RY

11
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12 2. Kolmogorov’s Theorem

(I times). The following condition always holds.
(*)  Ey...t(Ey x---xEy)=Fg...s0(ITTHEy X - x Ey)).

If () holds for an arbitrary collectioff, ...t : 0<t; <ty... <t} 12
(k =1,2,3...) of distributions then it is said to satisfy tlwensistency
condition.

Exercise 1. (a) Verify thatF, ...t is a probability measure dR x
.- x RY (k times).

(b) Verify (). (If By, denotes the Boret field of R™, Byn = Bm X
Bn).

The following theorem is a converse of Exerdise 1 and is often used
to identify a stochastic process with a family of distributions satisfying
the consistency condition.

Kolmogorov's Theorem.

youe

distributions (onRY x --- x RY, k times, k= 1,2,...) satisfying the
consistency condition. Then there exists a measurable ieac®),

a unique probability measure P aif2y, %) and a stochastic process
{X; : 0 £t < oo} such that the family of probability measures associated
with it is precisely

{(Fiuth.t :0<ti<ta<...<ty<oo}, k=12....

A proof can be found in the APPENDIX. We mention a few points
about the proof which prove to be very useful and should be observed
carefully.

1. The space) is the set of allR%-valued functions defined on
[0, o0):
=[] &
te[0,00)

2. The random variabl; is thet™-projection ofQk ontoRY.
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3. A is the smallestr-algebra with respect to which all the projec-
tions are measurable.

4. P given by
Pw: Xy, (W) € Ag, ... X (W) € Ax) = Frp  (Ap X - X A)

whereA, is a Borel setiRY, is a measure on the algebra generated
by {X,,... Xy }(k=1,2,3...) and extends uniquely t&.

Remark . Although the proof of Kolmogorov’s theorem is very con-
structive the spac€g is too “large” and ther-algebra# too “small”

for practical purposes. In applications one needs a “nice” collection
of Rd-valued functions (for example continuous, offeientiable func-
tions), a “large”o-algebra on this collection and a probability measure
concentrated on this family.






3. The One Dimensional
Random Walk

BEFORE WE TAKE up Brownian motion, we describe a one diment
sional random walk which in a certain limiting case possesses the prop-
erties of Brownian motion.

Imagine a person at the positiar= 0 at timet = 0. Assume that at
equal intervals of timé = 7 he takes a step either along the positive
x axis or the negative axis and reaches the poixit) = x(t — 7) + hor
X(t) = x(t — ) — h respectively. The probability that he takes a step in
either direction is assumed to bg2l Denote byf (X, t) the probability
that after the timé = nr (nintervals of timer) he reaches the position
If he takesm steps to the right (positive-axis) in reaching< then there
are"Cy, possible ways in which he can achieve thessteps. Therefore,

. . 1
the probability f (x, t) is nCm(z)”.
f(x, t) satisfies the dierence equation

1 1
() f(x,t+r)=Ef(x—h,t)+§f(x+h,t)
and
(2 X =h(m-(n-m)) = (2m- n)h.

To see this one need only observe that to reach+ 7) there are
two ways possible, viz-h,t) — (X, t+7) or (X+h,t) - (x,t+71) and
the probability for each one of these ig21 Also note that by definition

15
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16 3. The One Dimensional Random Walk

of f,
1
3) f(h7) =5 = f(-h.7),
so that
4 f(x,t+7)=f(hyr)f(x-ht)+ f(-h,7)f(x+ h,t).

The reader can identifif(4) as a “discrete version” of convolution.
By our assumption,

(5) f(0,00=1, f(x0)=0 if x#O0.

We examine equatiori](1) in the limit — 0, 7 — 0. To obtain
reasonable results we cannothedindr tend to zero arbitratily. Instead
we assume that

(6) E—>1 as h-0 and r—0.
T

The physical nature of the problem suggests fHat (6) should hold. To
see this we argue as follows. Since the person is equally likely to go in
either direction the average valueoill be 0. Therefore a reasonable
measure of the “progress” made by the person is ejgher x2. Indeed,
sincex is a random variable (singeis one) one gets, usinfl(2),

E(x) = 2E(M -n=0, E(®) = hPE((2m-n)?) = h’n.

n 1\" n n 1\" n(n+1)
wse £ ren(3) =3 £ 7en(3) =)

e{%}- e - 201

n‘r T

Thus

and ast becomes large we expect that the average distance covered per
unit time remains constant. (This constant is chosen to be 1 for reasons
that will become apparent later). This justifi€$ (6). In fact, a simple
argument shows that }H]— — 0 or +o00, X may approacho in a finite

time which is physmally untenable.
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(1) now gives
f(x,t+71)— f(xt) = %{f(x— h,t) — f(xt) + f(x, ht) - f(xt)}.

Assuming sfficient smoothness ofy we getin the limitas, r — 0
and in view of [®),

of  16%f

7 = -2
(7) ot 20x2

h2 . . -
(to get the factor 12 we choose— — 1). This is the equation satisfied

.
by the probability densityf. The particle in this limit performs what is
known asBrownian motiorto which we now turn our attention.

References.
[1] GNEDENKO:The theory of probabilityCh. 10.
[2] The Feynman Lectures on physiusl. 1, Ch. 6.






4. Construction of Wiener
M easure

ONE EXAMPLE WHERE the Kolmogorov construction yields a probaz
bility measure concentrated on a “nice” cl&ss the Brownian motion.

Definition. A Brownian motion with starting poink is anR9-valued
stochastic proceqdX(t) : 0 <t < o} where

() X(0) = x = constant;

(i) the family of distribution is specified by
A

P(tk-1, Xk-1, tko Xi)dXq . . . A%
for every Borel seA inR% x - --RY (k times).

N.B. The stochastic process appearing in the definition above is the one
given by the Kolmogorov construction.

It may be useful to have the following picture of a Brownian motion.
The space2x may be thought of as representing particles performing
Brownian movement{X; : 0 < t < oo} then represents the trajectories
of these particles in the spaké as functions of time and? can be con-
sidered as a representation of the observations made on these particles.

Exercise 2. (a) Show thatr, ; defined above is a probability mea-
sure orRY x - - - x RY (k times).

19
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20 4. Construction of Wiener Measure

() {Fi.t - 0 < t1 < o < ...t < oo} satisfies the consistency
condition. (Use Fubini’s theorem).

(€) Xty =X Xty = Xy, - . . » Xy — Xy, @re independent random variables
and ift > s, thenX; — Xg is a random variable whose distribution
density is given by

1 1 ~12
t— = ——=exp|—=(t-5s .
p(t-sy) 2r(t— 9197 p( S(t=97 )
(Hint: Try to show thatX;, — X, Xi, — Xt;, ..., Xy — Xy, have a
joint distribution given by a product measure. For thisdebe
any bounded real measurable functionishx - - - x RY (k times).

Then

E(p(Za,....2Z)) = E. (P(Z1— % ..., Zk — Z-1))

th—X,th—th,...,X[k—thil 15000 ty

where E(¢) is the expectation ap with respect to the joint dis-
Xiy X

tribution of (X;, . .., Xy ). You may also require the change of vari-
able formula).

Problem. Given a Brownian motion with starting poimtour aim is to
find a probabilityPy on the spac& = C([0, 0); RY) of all continuous
funcitons from [Qeo) — RY which induces the Brownian motion. We
will thus have acontinuous realisatioo Brownian motion. To achieve

.....

tk} wheret; € D, a countable dense subset aofdd).

Step 1.The first step is to find a probability measure on a “smaller”
space and lift it taC([0, o0); RY). Let

Q = C([0, 0); RY),

D a countable dense subset of§§); Q(D) = {F : D — RY} where f
is uniformly continuous on [N n D for N = 1,2,.... We equipQ
with the topology of uniform convergence on compact sets @Q(id)
with the topology of uniform convergence on sets of the f@m K
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whereK c [0, o) is compactQ andQ(D) are separable metric spaces
isometric to each other.

Exercise 3.Let

0<t<n
and
Pro(f,g) = sup|f(t) —g(t)l for f,geQ(D)
Otsetsn
Define
1 pn(f,0)
p(f.9) = §:T1+p“g)vtgeﬁ
1 pnp(f.0)
fg)= > ——22"2 vf geQ(D).
po(f.0) nzzizmpw(f,g) geQ(D)
Show that

() {fn} c Q converges tof if and only if f, — f uniformly on
compact subsets of [®);

(i) {fn} c Q(D) converges tdf if and only if foprk — fipnk| uni-
formly for every compact subsét of [0, «);

(i) {(P1,..., Pq4)} whereP; is a polynomial with rational cd&cients 20
is a countable dense subset(f

(iv) {(Pip,...,Pqp)}is a countable dense subsetiD);

(v) 7: Q — Q(D) wherer(f) = fp is a (o, pp)-isometry ofQ onto
Q(D);

(vi) if V(f,e,n)={geQ: pn(f.g) <eforfeQ, e>0and
Vb(f,e,n) ={g € QD) : pap(f.g) <€ for feQ(D),e>0,

then
{(V(f,e,n): feQe>0n=1212..}



22 4. Construction of Wiener Measure

is a base for the topology ¢ and
{Vp(f,e,n): f eQ(D),e>0n=12,..}
is a base for the topology 6i(D).

Remark. By ExercisdB(v) any Borel probability measure Q(D) can
be lifted to a Borel probability measure én

2nd Step.Define the modulus of continuiwsTD"i(f) of a functionf on
D in the interval [QT] by

AL (f) = supllf(t) - (9] : t— sl < t,se DN[O, T}

As D is countable one has

1
Exercise 4. (a) Show thatf : Ag"(f) < %} is measurable in the-
algebra generated by the projections

m RS te D} - RY

21 Proof. The lemma is equivalent to showing th#t= o(&). As each of
the projectionry, _y, is continuousg (&) ¢ 4. To show that” c o (&),
it is enough to show thatp(f, €, n) € & becaus&)(D) is separable. (Cf.
ExercisdB(iv) an@l3(vi)). By definition

Vp(f,e,n) = {ge QD) : Pnp(f,0) <€}

- {ac oo potto < 1

m=1

= O{g e QD) :|gt) - f(t) <e- % ¥t e DN[O,n]}.
m=1

The result follows if one observes that eaghis continuous. O

Remark 1.The lemma together with Exerci§é 4(b) signifies that the
Kolmogorov probabilityPy on n{th . t € D} is defined on the topo-
logical Borelo-field of Q(D).

2. The proof of the lemma goes throughi{D) is replaced by2.
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Step 3.We want to show thaPX(Q(D)) = 1. By Exercisd¥(b) this is
equivalent to showing that LP(A ”(f) 1) = 1for all N andk.

The lemmas which follow WI|| give the desired result.
Lemma (Lévy).Let X, ... X, be independent random variablesy 0
andé > O arbitrary. If
POX; + Xrs1+ -+ X[ 26) <€
Yr,{suchthatl <r < ¢ <n, then

P(sup Xy + -+ + Xj| > 20) < 2e.

1<j<n
(see Kolmogorov's theorem) for every5 1,2,..., for every N= 22
1,2,... and for every k= 1,2,.... (Hint: Use the fact that the pro-
jections are continuous).

(b) Show thatQ(D) = N N U{A J(f) < ) and henceQ(D) is
N=1k=1j=1

measurable imr{RY : t € D}.

Letrm, ¢ : QD) — RYIx RYx ---RY (k times) be the projections
and let
Gt = Tt (BRYX - XBR).

Put
éD:U{@(Otl...tk 0t <th<...<t< oo tje D).
Then, as
éatl...tk U éasl...sl - éa‘rl...‘rm’
where

{ti.. %, S1... 1} C{r1...™m}
& is an algebra. Lat(&) be theo-algebra generated kY.

Lemma . Let & be the (topological) Bored-field of Q(D). ThenZ is
theo-algebra generated by all the projections

{my. 4, :0<ty<tr<...<t,t €D}



24 4. Construction of Wiener Measure
Remark. By subadditivity it is clear that 23

Pl sup [Xy + -+ Xj| 2 26| < ne.

1<j<n

Ultimately, we shall leh — co and this estimate is of no utility. The
importance of the lemma is that it gives an estimate independant of

Proof. LetSj = Xy +--- + Xj, E = { sup |Sj| > 26}. Put

1<j<n

E1 = {IS1] > 26},
E> = {IS1] < 20, |S2| > 26},

En=1{ISjl <26,1<j<n-1]Sy > 25}.
Then

n
E:UE,-, EjinEi=¢ if j#i
j=1

P(EN (Snl <6) = P[U(Ej N (1Sl < 6))]
j=1

<P{l JEn(Sa-Sjl= o)

n
<

P(Ej)P(ISn - Sjl > 6) (by independence)
=1

< eP(E) (by data).
= P(E N (ISnl > 6)} < P(Snl > 6) < e (by data).

Combining the two estimates above, we get
P(E) < € + €P(E).

€

1 1 .
24 If € > > 2¢> 1. Ife < > < 2e. Ineithercasd(E) < 2. O

— €
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Lemma .Let {X(t)} be a Brownian motion, £ [0, «) be a finite inter-
val, F c | n D be finite. Then

PX(Sup|X(t) ~ X(o) = 45) < C(d)|(|5—|42,

toeF

where|l| is the length of the interval and(@) a constant depending only

ond.
Remark. Observe that the estimate is independent of the finit€ set

Proof. LetF ={tj: 0<t) <ty < ... < tx < oo}.
Put
X1 = X(t2) = X(to), ..., X1 = X(t) — X(tk-1)-

ThenX; ... Xk 1 are independent (Cf. ExerciBe 2(c)). Let

€= sup  Px(IXr + Xryp + -+ Xq| 2 0).
1<r<i<k-1

Note that
Px(IX; + -+ + X1] = 6) = P(X(t") — X(t"”)| = 6) for somet’,t” in F
_ EOX®) - X))

(see Tchebyshey’s inequality in Appendix)

< 54
*) c/(t’ -t
< ce-1 (C” = constant)
54
Cr“ |2
< 5
C/“ |2

Thereforee < . Now

54
Px(sup[X(t) — X(o)I > 49)
t,oeP

Px(sup [X(ti) — X(ty)| > 20)

1<i<k
= Py( sup [Xy+---+Xj|>2) <2 (byprevious lemma)
i<j<k-1
2CI2  ClI?
T g4 4

25



26 4. Construction of Wiener Measure

Exercise 5.Verify ().

(Hint: Use the density function obtained in Exerdise 2(c) to evaluate the
expectation and go over to “popular” coordinates. (The valu€’ds
d(2d + 1))).

Lemma.

Px{ Sup IX()=X(9I>p = Py(AL" > p)
t—s<
t,s‘e[(?,t]mD

< $(T.p,h) = cl% ([H + 1).

Note that¢(T, p, h) — 0as h— 0for every fixed T angd.

Proof. Define the interval$y, Io, ... by

I I3
[ || |
0 2h I 4h T
I |

Ik =[(k=2Dh,(k+2Dh] N (0, T], k=12,....
Letlq, 5, ..., be those intervals for which
N[0, T]#¢(j=12,...,1).

Clearly there are-I[] +1of them. Ifit— g < hthent, se I for some

jyl<j<r.WriteD = G Fn whereF,, c Fn.1 andF, is finite. Then
n=1

(o)

Px{ sup IX()-X(9I>pf =Pl J| sup IX®)-X(9)I>p
jt-si<h o | t-s<h
t,s€[0,T]ND t,seDNFp

= SupPy {sup sup(IX;(t) - X(s)| > p)}
n j tseFp
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r

< Sl#p; Px (tiﬁﬂx”(t) = X(9)I > p))

2
sup([%] + 1) ) by the last lemma

n (o/4)*
< ¢(T,p, h).
i
Theorem . Py (Q(D)) = L.
Proof. It is enough to show that
1
Lt Py (AE’J (f) < %) =1 (See ExercisEl4(b)).
J—)OO
But this is guaranteed by the previous lemma. m]

Remark. 1. It can be shown that the outer measur€os$ 1.

2. Qis not measurable ifif RY.
=0

Let P, be the measure oft induced byP, on Q(D). We have al- 27
ready remarked tha®y is defined on the (topological Borel field of
Q(D). As Py is a probability measure?y is also a probability mea-
sure. It should now be verified th& is really the probability measure
consistent with the given distribution.

Theorem . Py is a required probability measure for a continuous real-
ization of the Brownian motion.

Proof. We have to show that

forall ti,tr...tx in [0, o).

-5 -1
Fi.4 = Pxﬂtl...tk

Step l.Letty,...,tx € D. Then
Py, (A1 X - X AQ) = Px(emy. . (AL X -+~ X AQ)
for everyA Borel inRY. The right side above is
Px(ri g (AL X - X AQ) = Fy_g (A1 - X A
(by definition ofPy).
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Step 2.We know thatTy, 1, 1 = Py, 1,1 Provided that, to, ...tk €

.....

D. Let us pickt!”, ...t such that eac” e D andt"” — t as
n — oo. For eachn and for each fixed : RY — R which is bounded
and continuous,

(N (n) 5
ER50TF(xa, %] = ERCEOAE, . X))
Lettingn — oo we see that

EFus f(xe, ..., %] = EP[f(x(ta), . ... X(t))]
for allty, ..., tk. This completes the proof. O

The definition of the Brownian motion given earlier has a built-in
constraint that all “trajectories” start frod(0) = x. This result is given

by
Theorem . Po{f : f(0) = 0} = 1.
Proof. Obvious; becausE'SX[¢(x(0))] = ¢(X). O

Note. In future Py will be replaced byP, andPy = Py will be denoted
by P.

Let Ty : Q — Q be the map given byTf)(t) = x + f(t). Ty
translates every ‘trajectory’ through the vecior

X

(T2 f)(t)

/\/\\\/\/\

ft)

Time

Let us conceive a real Brownian motion of a system of particlés
operationTy means that the system is translated in space (along with
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everything else thatféects it) through a vectax. The symmetry of the
physicl laws governing this motion tells us that any property exhibited
by the first process should be exhibited by the second process and vice
versa. Mathematically this is expressed by

Theorem . Py = PT L.
Proof. It is enough to show that

P(Tomiy (A1 X - X AQ) = Pl (Ag X - X AY))
for everyA; Borel in RY. Clearly,

Tt (AL X - X A = it (Ar = XX -+ X A = X).

Thus we have only to show that

f f f PO, X, t1, X1) . . . P(tk=1, Xk—1, t, Xi)d X . .
A1—X Ac—X

fA f p(0,0,t1, X1) . .. P(tk—1, Xi—1, ti, X )dX . .. A%,
1

which is obvious. |

Exercise. (a) If A(t,-) is a Brownian motions tarting at (Q0) then
7,8(60 is a Brownian motion starting at (0) for everye > 0.
€

(b) If X is ad-dimensional Brownian motion andis ad’-dimensio-
nal Brownian motion thenX, Y) is ad+d’ dimensional Brownian
motion provided thaX andY are independent.

(©) If X = (X, .. .,Xtd) is ad-dimensional Brownian motion, th@(}j
is a one-dimensional Brownian motion. j € 1,2,...d).

7(w) = inf{t : |X¢(W)| > +1}
t:w(t) = 1}

7(w) is the first time the particle hits either of the horizontal lines®
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+1or-1.

b ____

2. Let{X{} be ad-dimensional Brownian motioiG; any closed set in
RY. Define
T(w) = inf{t : w(t) € G}.

This is a generalization of Example 1. To see that a stopping

time use .
<s = lim {w:w
(rssi=( Jim_ w:w@)e G
n=1 g rational
where

Gn:{xeRd:d(x,G)S %}

3. Let (X;) be ad-dimensional Brownian motiorC andD disjoint
closed sets iR, Define

7(w) = inf{t; w(t) € C and for somes < t, w(s) € D}.

7(w) is the first time thatv hits C after visitingD.



5. Generalised Brownian
M otion

LET Q BE ANY space,.# ao-field and (%#;) an increasing family of 31
subo-fields such thatr(U.#;) = .%. Let P be a measure oY .%).

X(t, W) : [0, W) x Q — R
is called aBrownian motion relative tgQ, %, P) if
(i) X(t,w) is progressively measurable with respectig
(i) X(t,w) is a.e. continuous it

(i) X(t,w) — X(s,w) fort > sis independent of*5 and is distributed
normally with mean 0 and variante- s, i.e.

P
2t-19

PIX( ) - X(s.) € ALFe) = f exp dy.

A [2(t - 9)]s

Note. 1. The Brownian motion constructed previously was concen-
trated orQ = C([0, «0); RY), .Z was the Borel field of2, X(t, w) =
w(t) and.#; = o{X(s) : 0 < s< t}. The measur® so obtained is
often called théNiener measure

2. The above definition is more general because

o{X(9):0<s<t)c

31



32 5. Generalised Brownian Motion

Exercise.(Brownian motion starting at tims). LetQ = C([s, «); RY),
% = Borel field ofQ. Show that for eack € RY 3 a probability measure
P onQ such that

32 (i) P3w:w(s) =x} =1,

(ll) Pi(th € A]_, cey th € Ak)

=fff p(s, X, t1, X1) p(ty, X1, t2, X2) . . .
AL JA, Ax

o Plte1 X1, T X)dXg - . A%,
Vs<ti<...<t

For reasons which will become clear later, we would like to shift the
measureP to a measure 06([0, 0); RY). To do this we define

T : C([s o); RY) — C([0, o0); RY)

by
w(t), ift>s
w(s), ift<s

(Tw(t) = {
Clearly,T is continuous. Put
Psx = PSTL.
Then

(i) Psx is a probability measure on the Borel field@f0, «); RY);
(i) Psxiw:w(s) = x} = 1.



6. Markov Properties of
Brownian Motion

Notation. 1. Arandom variable of a stochastic procesét)}ic shall 33
be denoted by; or X(t). 0 <t < co.

2. %5 will denote theo-algebra generated b&; : 0 < t < s};
s = {Za : a > s); Fs will be the o-algebra generated by
U{%,:a< g}s> 0. ltis clear tha{.%;} is an increasing family.

3. Forthe Brownian motionZ = thec-algebra generated hy.#; :
t < oo} will be denoted by#.

Theorem .Let{X; : 0 <t < oo} be a Brownian motion. Then; X Xqis
independent of#.

Proof. Let
O<ti<bh<tz<...<t<s

Then theo-algebra generated by, ..., X is the same as the-
algebra generated by

Kigs Kty = Xigo oo o5 Xty = Xty 4

SinceX; — Xs is independent of these increments, it is independent
of o{Xy,, ..., Xy }. Thisis true for every finite sét, . . ., tx and therefore
X — Xs is independent of7.

Let us carry out the following calculation vefgrmally.

P[Xi € A| Fs](W) = P[X; — Xs € B| Fs](w), B=A—Xs(W),

33



34 6. Markov Properties of Brownian Motion

= P[X; - Xs € B], by independence,

— 2
A

This formal calculation leads us to

Theorem .

_ 2
P[Xi € A| Z](w) = f(zﬂ.t)d/Z & _%d
A

where Ais Borel iRY, t > s.

Remark. It may be useful to note thatd(s, Xs(w), t,y) can be thought of
as a conditional probability density.

Proof. (i) We show that

1 ly — xs(W)|2
faw) = f iz *P " 2y
A

is #s-measurable. Assume first thatis bounded and Borel in
RY. If wp — w, thenfa(wn) — fa(w), i.e. fa is continuous and
hence.#s-measurable. The general case follows if we note that
any Borel set can be got as an increasing union of a countable
number of bounded Borel sets.

(ii) ForanyC € .#swe show that

2
O [ e - f f ey dRw)

It is enough to verify £) for C of the form

C={w: Xy(w),....,. % (W) e Apx---xA; 0<th <... <t <8,
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whereA is Borel inR% fori = 1,2...k. The left side of §) is
then

p(0, 0, t1, %, ) P(t1, X, » t2, X,) - - - P(tks Xg> T, Xe)dX, - . . d%.
A X XAXA
35

To compute the right side define
f:REDd B

by
f(ug, ..., U, U) = Xa (U1) . .. Xa (U P(S U, L, Y).

Clearly f is Borel measurable. An application of Fubini's theorem
to the right side of«) yields

f dy f X, (X3 (@) - . X (X4, (@) P(S Xs(). 1. Y)dP(w)

A Q
:fdy f f(X1... X Xs)dF, ., S
A

RIx...xRd
(k+1) times

= f dy f P(0,0,t1, X1) . .. P(tk-1, tk, X«)
A

Ap XX AxRA
P(tk, Xk, S Xs)P(S, Xs, t,Y)dXq . .. d%cdXs

= f P(0, 0,11, X1) . .. P(ti—1, X1, tks Xic) Ptic, Xk, 1, Y)
ApX-XAXA
dx ..., dxdy
(by the convolution rule)
= left side

Examples of Stopping Times.
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1. Let (X, be a one-dimensional Brownian motion. Definy

(r<si={) Eg {W : W(61) € Dn, W(62) € Cnl,

n=1g, 9, rational in [Qg]

where
d. 1 d. 1
Dh=¢{X€eR .d(x,D)sﬁ ,Ch=4{XeR .d(x,C)sﬁ

Exercise 1.Let T be as in Example 1.
(@) If A={w: Xi(w) < 7} show thatA ¢ .7-.
(Hint: An{r < 0} ¢ .%p). This shows that?; ¢ .Z.
(b) Po{w: 7(w) = oo} = 0.

(Hint: Pofw: w(t) <1} < [ e L2V gy vt).
lyl<t-1/2

Theorem . (Strong Markov Property of Brownian Motion). Lebe any
finite stopping time, i.ex < 0 a.e. Let Y= X, — X;. Then

1. F(Yy, €As,.... Y, €e A)NA] = P(Xy, € Ag,... %y, € A - P(A),
¥ A € .%, and for every ABorel inRY. Consequently,

2. () is a Brownian motion.
3. (y) is independent of#..

The assertion is that a Brownian motion starts afresh at every stop-
ping time.

Proof.
Step 1.Let r take only countably many values, say , s3.... Put

Ej= T_l{Sj}. Then eaclE; is .#,-measure and

o=|JE, EjnE=0j=i
=1
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Fix Ae 7.

Pl(Yy, € A,.... Yy € A) N A

=ZP[(Yt1 €A .... Y, € A)NANE(]

I:>[()<l’_1+sJ XSJ) € A]_, ceey th+sj - XSJ S Ak) N A N Ej]

DM T T

PI(X; € A1), ... (% € AJIP(ANEj)

]
=

(by the Markov property)
=P(Xy, € Aq,..., Xy € A) - P(A)

[nT] +1

Step 2.Let r be any stopping time; put, = . A simple cal-

culation shows that, is a stopping time taking only countably many

values. Asry | 7, Fr C Fr Vo Let YV = X = X, .
By Step 1,

PIYY < xq,.., Y < ) n Al
= P(th < Xlyeens th < Xk) . P(A)

(wherex < ymeansx; <vyii =1,2,...,d) for everyA € Z;. As all
the Brownian paths are continuoué,”) — Yia.e. Thus, ifxq, ..., X IS
a point of continuity of the joint distribution oy, ..., X, we have

F)[(Yt1 < Xlyevws Ytk < Xk) N A] = P(th < Xyeens th < Xk)P(A)

¥ A € .%.. Now assertion (1) follows easily.
For (2), putA = Qin (1), and (3) is a consequence of (1) and (2n






7. Reflection Principle

LET (X;) BE A one-dimensional Brownian motion. Th&¢sup Xs > 39
O<sc<t
a) = 2P(X; > a) with a > 0. This gives us the probability of a Brownian

particle hitting the linex = a some time less than or equal tto The
intuitive idea of the proof is as follows.

LA ,

> Time, ¢

1
I
[ [P LU

Among all the paths that hé before timet exactly half of them end
up belowa at timet. This is due to the reflection symmetry. Xt = a
for somes < t, reflection about the horizontal line atgives a one -
one correspondence between paths With- a and paths withx; < a.
Therefore

P{maxXS >a, X > a} = {maxxS >a, X < a}

O<s<t O<s<t

39
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SinceP{X; = a} = 0, we obtain

P{supxsza}:P{supxsza,xt>a}+P{sustza,Xt>a}

O<s<t O<s<t O<s<t
= 2P{X; > a}
40 We shall now give a precise argument. We need a few elementary

results.

n
Lemma 1. Let X, = > Yx where the ¥ are independent random vari-
k=1
ables such that FYx € B} = P{-Y € B}Y Borel set Bc R (i.e.  are

symmetric). Then for any real number a,

P{m_axXi > a} < 2P{X, > a}

1<i<n

Proof. It is easy to verify that a random variable is symmetric if and
only if its characteristic function is real. Define

A={X1<a...X1<aX>a,i=12...,n

ThenA N A; =0if i # j. Now,

P(A N B) > P(A N {Xn = Xi})
= P(A)P(%, = %), by independence.
= P(A)P(Yis1 + -+ Yn 2 0).

AsYi,1,..., Yy are independent, the characteristic functiory;of +
-+ + Yy is the product of the characteristic functions¥Ypfy + - - - + Yy,
so thatYj,1 + - - - + Yy is symmetric. Therefore

1
P(Yiz1+--+Yq2>0)> >

ThusP(A N B) > %P(A;) and

P(B) > Z P(A N B) > %Z P(A) > %p(UAiJ,
i=1

i=1
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o[ )
i=1

P{maxXp>q}32HXn>a}

1<i<n

or

O

Lemma 2. Let Y,,..., Y, be independent random variables. Pyt X

n
> Yxand letr = min{i : X; > a}, a> 0andr = o if there is no such i.

k=1
Then for eacle > 0,

n-1
(@ Plr<n-1L X —X: < -} < Plr<n-1L X, <a}+ 3 P(Yj>e).
j=1

n-1
(b) P{r <n-1,X,>a+2¢e} < P{r < n-1, X=X > e}+ 3 P{Y| > ¢}
=1

(c) P{Xh>a+2e <P{r<n-1X,>a+ 2 + P{Y, > 2¢}.
If, further, Y, ..., Y, are symmetric, then
(d) P{{n_axxi > aXy, < a > P(Xy, > a+ 2 — P{Y, > 2¢ -
<i<n
n-1

23 P{Y > €
=1

n
(e) PimaxX; > a} > 2P{X, > a+2¢} -2 3, P{Yj > €}
1<i<n j=1

Proof. (@) Supposev € {tr < n—1 X, — X, < —¢} andw € {r <
n—1Xy < a. ThenXy(w) > aandXy(w) + € < Xquw)(w) or,
XT(W)(W) >a+e.

By definition ofr(w), X;w)-1(W) < aand therefore,
Yew) (W) = Xew)(W) = Xew)-1(W) > a+e-a=e

if 7(w) > 1;if 7(W) = 1, Yy (W) = X;y(W) > a+ € > €.
ThusY;j(w) > e for somej <n-1,i.e.

42
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?
IR

we | [{Yj>e).

1l
=

Therefore
n-1
(r<n-1X-X <-ecfr<n-1X <a| Ji¥; > e
j=1

and (q) follows.

(b) Supposeve {r<n-1,X,>a+2}butwe {r<n-1X,-X; >
€}. Then
Xn(W) = Xeuy(W) < €,

or, X;(w)(W) > a+ € so thatY-) (W) > € as in (a); henc&j(w) > €
for somej < n— 1. This proves (b).

(©) Ifwe{X,>a+2¢, thent(w) < njifweg {r<n-21X, >
a + 2¢}, thent(w) = n so thatX,_1(w) < a; thereforeYy(w) =
Xn(W) — Xp_1(W) > 2¢. i.e.w € {Y,, > 2¢}. Therefore

(Xn>a+2c{r<n-12X,>a+ 2 U{Y, > 2¢}.

This establishes (c).

(d) PimaxXi>a, X, <a}=P{r<n-1X,<a}

1<i<n

>Plr<n-1,X,- X, < —¢} ZP(YJ>6) by (a),

n-1 n-1
PlUlt=KkXa =Xk < —€}| = 2 P(Yj>¢)

k=1 j=1

1

n-1 _
= 2 Plr=Kk Xy =Xc<—¢} = 3 P(Yj>e)
k=1 i=1

= nil P{r = K}P{Xn = Xk < —€} - i P(Yj > €)
=1 =1

(by independence)
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= an P{t = K}P{Xn — Xk > €} — nz_jl P(Y; > €) (by symmetry)
=1

k=1
=Plr<n-1X,— X, > €} - P(Y,>e)
j=1
n-1
>Plr<n-1X,-X; > €} P(Yj > €)

J:
n_

>Plr<n-1X,>a+2-23 PY;>¢ (by (b))

> P{Xn>a+2¢e} - P{Yn>2¢) -2 3 P{Y;>¢} (by(C)) 43
j=1
This proves (d).
(e) P{{n_axxi >a} = P{maxXI >aXp<a + P{maxXI >a, Xy > al
<i<n 1<i<n 1<i<n

= P{rr<1le<1?](X, >a, Xp<a +P{X,>a}
= P{Xn > a+ 2¢} — P{Y, > 2¢} + P{X, > a}
25 PY>a (b ()
SinceP{X, > a+ 2¢} < P{X, > a} and
P{Yn > 2¢} < P{Y,, > €} < 2P{Y,, > €},

we get

n
P{maxX; > a} > 2P(X, > a+2¢} -2 ) P(Y; > ¢)

1<i<n n
I =

This completes the proof. 44

Proof of the reflection principle.
By Lemmdl

1<j<n

p= P{maxx(j—r:) >} < 2P(X(t) > a).
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By Lemmad2(e),

P> 2P(X(t) > a+ 2€) - 2i P{(X(j—r:)— x((j _nl)t)) > e}.

=1

SinceX (%) -X ((J_—nl)t) are independent and identically distribu-

. , b .
ted normal random variables with mean zero and varlar:]n(ne partic-
ular they are symmetric),

5152+l x0)- o
=P(x(5)> ).

p > 2P(X(t) > a+ 2€) - 2n P(X(%) > e).

Therefore

_X2/2[ dX

P(X(t/n) > €) NN

ewwz— -y

or

P(X(t/n) > €) < 2—\1/7_Te‘€2”/2t ,
Therefore
NPX(/M) > €) < _\/(Zt)/‘/(”n) e€2 50 as n-— +o.

45
By continuity,

P{maxX(Jt/n) > a} - P{maxX(s) > a}

<s<t
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We letn tend toco through values 2,2 28, . .. so that we get
2P{X(t) > a+ 2¢} — 2n P{X(t/n) > €}

sP{maxX(t/n) > a} < 2P{X(t) > a},

1<j<n

or

2P(X(t) > a) < 2P{X(t) > a) sP{(r)L13<>t<X(t) > a}

2P(X(t) > a},

on lettingn — +o first and then letting — 0. Therefore,

P{&]gﬁ)t(X(S) > a} = 2P{X(t) > a}

=2 f 1/~/(2rt)e ™ 2 dx
a
AN APPLICATION. Consider a one-dimensional Brownian motion. A
particle starts at 0. What can we say about the behaviour of the particle
in a small interval of time [0e)? The answer is given by the following
result.

P(A) = P{w: ¥Ye > 0,3t, sin [0, €) such thaiX;(w) > 0 and
Xs(W) < 0} = 1.

INTERPRETATION. Near zero all the particles oscillate about theis
starting point. Let

A" ={w:V e> 03t € [0, ) such thatX;(w) > 0},
A ={w: Ve > 0dse[0,¢) such thatXg(w) < 0}.
We show thatP(A*) = P(A™) = 1 and thereford?(A) = P(A™ N
A7) =1

A+Dﬁ{ sup W>O} ﬁ@( sup W(t)zl/m)

ne1 \0st<l/n n=1 me1 \0sts1/n
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Therefore

P(A") > nLt sup P( sup w(t) > l/m)

M- \0<t<l/n

> 2n Lr;[)_) supP(w(1/n) > 1/m) (by the reflection principle)
>1
Similarly P(A7) = 1.

Theorem . Let{X;} be a one-dimensional Brownian motioncA(—oo, a)
(a> 0) and Borel subset &. Then

Po{X; € A, Xs <aV¥ssuchthab < s<t}
- f 1/+/(2rt)e Y /2 dy — f 1/+/(2nt)e @V /2 gy
A

A

Proof. Let r(w) = inf{t : w(t) > a}. By the strong Markov property of
Brownian motion,

Po{B(X(7 + 5) — X(7) € A)} = Po(B)Po(X(s) € A)
for every seB in .%;. This can be written as
E(Xx(r+9-x@emF7) = Po(X(s) € A)
Therefore
EX(X(r+ew)-X(@)ea) §7) = Po(X(£(w)) € A)
for every functionf(w) which is.%.-measurable. Therefore,
Po((r < t) N ((X(r + £(w)) — X(1)) € A) = f Po(X(£(w)) € A)dP(w)

{r<t}

In particular, takef(w) = t — r(w), clearly £(w) is .%.-measurable.
Therefore,

Po((r < D((X(t) - X(7)) € A)) = f Po(X(£(w) € A)dP(w)).

{r<t}
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Now X(r(w)) = a. ReplaceA by A— ato get

() Pol(r=t)n(X(H) € A) = f Po(X(£(w) € A—a)dP(w))

{r<t}
Consider now

P2a(X(t) € A) = Po(X(t) € A— 2a)
= Po(X(t) e 2a—- A) (by symmetry ofx)
= Po((r < t) n (X(t) € 2a - A)).

The last step follows from the face thatc (-, @) and the conti-
nuity of the Brownina paths. Therefore

Poa(X(t) € A) = f Po(X(¢(w)) € a— A)dP(w), (using=)
{r<t}

= Po((r < t) n (X(t) € A)).
Now the required probability

Po{X € A, Xs < a¥se 0< s<t} = Po{X € A} — Pol(r < t) N (X € A)}
- f 1/+/(2rt)e Y 2 dy — f 1/+/(2nt)e @02 gy,
A

A

The intuitive idea of the previous theorem is quite clear. To obtam
the paths that reach at timet without hitting the horizontal line = a,
we consider all paths that reagtat timet and subtract those paths that
hit the horizontal linex = a before timet and then reaclA at timet. To
see exactly which paths reagtat timet after hittingx = awe consider
a typical pathX(w).
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The reflection principle (or the strong Markov property) allows us
to replace this path by the dotted path (see Fig.). The symmetry of the
Brownian motion can then be used to reflect this path about the line
X = a and obtain the path shown in dark. Thus we have the following
result:

the probability that a Brownian particle starts from=x0att =0
and reaches A at time t after it has hit=xa at some time < t is the
same as if the particle started at time=tO at x = 2a and reached A at
time t. (The continuity of the path ensures that at some time, this
particle has to hit x= a).

We shall use the intuitive approach in what follows, the mathemati-
cal analysis being clear, thorugh lengthy.

Theorem . Let X(t) be a one-dimensional Brownian motionA-1, 1)
any Borel subset &&. Then

O<s<t

Po [ sUpIX(9) < LX(1) € A] = [ oty
A

where

o(t.y) = i (—1)"/+/(2nt)e 0-20%/2t

N=—oc0
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Proof.

+1

/'\/\/\/\,__.

-1

Let E,, be the set of those trajections which (i) stariat O at time
t = 0 (i) hit x = +1 at some timer; < t (iii) hit x = —1 at some later
timer, <t (iv) hit x =1 again at a later timez < t... and finally reach
Aat timet. The number of’s should be equal to at least, i.e.

E, = {w: there exists a sequencg ... of

stopping times such that® 71 < 72 < ... < t;, <t, X(r)) = (-1)I%,
X(t) € A}. Similarly, let

Fn = {w: there exists a sequencg ..., T, of stopping times
O<mi<m<...<t<tX(r)) = (1)), X(t) € A}

Note that 50

EioExDoEzD...,
FioF,oF3D...,
Fn D En1; En D Fnia,
EnNFn=En1UFnp.

Let
o(t,A) = P[sup IX(s)] < L, X(t) € A}.

O<s<t

Therefore

o(t, A) = P[X(t) € A] - P[sup IX(9)l = 1, X(t) € A}

O<s<t
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_ f 1/4/(2rt)e¥ 2 dy - P[(Ey U Fy) N A,

A

where

Po = (X() € A) = f 1/y(@rt)e /2 dy — P(E1 1 Ag) U (F1 N Ao)].

A

Use the fact thaP[A U B] = P(A) + P(B) — P(A n B) to get

ot A) = f 1/y(@rt)e /2 dy-P[E;nAg] ~P[F1n Aol + PLE1NF1nAd],

A

asE; N F1 = E> U F,. Proceeding successively we finally get

oA = [ L(enye Py (1P PIENAG+ Y (1Y PIFanA
n=1 n=1

A

We shall obtain the expression fB{E; N Ag) andP[E> N Ag], the
other terms can be obtained similarly.

E1 N Ag consists of those trajectries that kit= +1 at some time
T < t and then reach at timet. ThusP[E; N Ag] is given by the
previous theorem by

f 1/y/(2rt)e 02 12gy,

A

E> N Ag consists of those trajectories that Rit= +1 at timerq, hit
x = =1 at timer, and reaclA at timet(r; < 2 < t).
According to the previous theorem we can reflect the trajectory upto
72 aboutx = —1 so thatP(E, N Ag) is the same as if the particle starts at
X = =2 at timet = 0, hitsx = —3 at timer; and ends up i\ at timet.
We can now reflect the trajectory



upto timer;
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(the dotted curve should be reflected) absut -3 to

obtain the required probability as if the trajectory starteck at —4.

Thus,

Thus

P(E> N Ag) = f e—(y+4)2/2t/\/(2ﬂt) dy.
A

SR = ) (1 [ 1y VEre 2 2y
N=—o00 A

- Af o(t, y)dy.

The previous theorem leads to an interesting result:

1
P[osupt IX(9)| < 1] = f¢(t, y)dy
<s< 1

Therefore

P[sup IX(9) = 1
O<s<t

= 1—P[sup|X(s)| <1

O<s<t

52
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1
-1 f o(t.y)dy.
-1

(o)

#(t,y) = Z (-1)" /\/(Zﬂ-t)e—(y—Zn)z/Zt

N=—oc0

Case (i).t is very small.

In this case it is enough to consider the terms corresponding:-t0,
+1 (the higher order terms are very small). Yagaries from-1to 1,

#(t,y) = 1/~/(2nt) [e—yz/Zt _ e 022 _ e—(y+2)2/2t] .
Therefore

1
f o(t.y)dy ~ 4/y(2rt)e V2.
2

Case (ii).t is large. In this case we use Poisson’s summation formula
for ¢(t, y):

(o)

d(ty) =y e @I TUECog(k + 1)/2ry),
k=0

to get

1
f #(t. y)dy = 4/me V8
-1

for larget. Thus,P(r > t) = 4/ze™1/8,

This result says that for large values tothe probability of paths
which stay betweer1 and+1 is very very small and the decay rate is
governed by the factae ™8, This is connected with the solution of a
certain diferential equation as shall be seen later on. O



8. Blumenthal’'s Zero-One
Law

LET X; BE A d-dimensional Brownian motion. Wi\ € %y, = (%, 54
t>0
thenP(A) = 0 or P(A) = 1.

Interpretation. If an event is observable in every interval {Pof time
then either it always happens or it never happens.
We shall need the following two lemmas.

Lemma 1. Let (Q, £, P) be any probability spaceg, sub-algebra of
A. Then

(@) L%(Q, %, P) is a closed subspace of(Q, 4, P).

(b) If 7 : L2(Q, B, P) - L%(Q, €, P) is the projection map themf =
E(f|€).

Proof. Refer appendix. m]

Lemma 2. LetQ = C([0, «); RY), Py the probability corresponding to
the Brownian motion. Then the sefi(r,,....t%) € ¢ is continuous,
bounded oY x - - - x RY (k times) ., . . . , tk the canonical projection)
is dense in B(Q, 2, P).

Proof. Functions of the formp(x(t1), ..., x(tx) where¢ runs over con-
tinuous functions is clearly dense in(Q, #, 1.1, P) and

53



54 8. Blumenthal’s Zero-One Law

is clearly dense ith»(Q2, £, P). O

55 Proof of zero-one law.Let

H = L(Q, .7, P). H = L@, 8, P), Ho. = [ | He
>0

ClearlyHo, = L%(Q, %o, P).

Let r; : H — H; be the projection. Thenf — g, f Vs in H.
To prove the law it is enough to show thdg, contains only constants,
which is equivalent torg, f = constantvf in H. As rg, is continuous
and linear it is enough to show thaj, ¢ = const¥¢ of the LemmadR:

o+p = tE:[O mp = thto E(¢l;) byLemmdl,
= tE)tO E(p(ty, ..., W|%).

We can assume without loss of generality thatt; <t, <... <.

E((t,. ... WIF) = f BY1, - . YL/ V(2n(ty — ))e WX WIF260
lyk—Yiee1 P
1/ (@ (te - tier))eTotr dys . . dyk.
SinceXg(w) = 0 we get, as — 0,
o+ = constant.

This completes the proof.

1
APPLICATION. Leta > 1A= {w: [W({®I/t* < co}. ThenA € Fo,.
0

1

For,if0< s< 1, thenf |w(t)|/t* < oo. Thereforew € Aor not according

S
S

56 as f |w(t)|/t*dt converges or not. But this convergence can be asserted
0
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by knowing the history ofv upto times. HenceA € .%#,. Blumenthal's
law implies that

1 1

f|w(t)|/t“dt < oo a.e.w., or,flw(t)|/t“dt = 0o a.e.w.

0 0

A precise argument can be given along the following lines. ¥ 0
s<1,

S
A={w: | |wi)]/t* < oo}
/

= {wW : suplps(W) < oo}

wherel, s(w) is the lower Riemannian sum f(t)"|/t* corresponding
to the partition{0, s/n, ..., s} and each s € Zs.






9. Properties of Brownian
M otion in One Dimension

WE NOW PROVE the following. 57
Lemma . Let (X;) be a one-dimensional Brownian motion. Then

(@) P(im X; = o) = 1; consequently fim X; < ) = 0.

(b) P(lim X; = —o0) = 1; consequently Bim X; > —co) = 0.

(c) P(lim X; = —c0); Tim X; = o0) = 1.

SIGNIFICANCE. By (c) almost every Brownian path assumes each
value infinitely often.

Proof.
{lim X; = o0} = ﬂ(mxt > n)
n=1

= ﬂ( lim X, >n) (by continuity of Brownian paths)
nel o rational
First, note that

Po [ sup X(s) £ n

O<s<t

:l—Po[supX(s)>n

O<s<t

57



58 9. Properties of Brownian Motion in One Dimension
= 1-21/+/(2nt) f e¥/2gy
n

n
~ @@/ [ ey
0
Therefore, for anyg andt,

P[ sup X(s) = nX(to) = xo] = Po[ sup X(s)=n- xo}
to<s<t O<s<t—tg
(independent increments) which tends to 1 as c. Consequently,

Po [supX(t) >n

t>tp

= EP[supX(t) > n|X(to)]
t>tp
=El=1
58
In other words,

Po [Iim supX(t) = n| =1

t—oo

for everyn. Thus L
P(lim X; = 00) = 1.

(b) is clear if one notes that — —w leaves the probability invariant.
(c) P@im X; = oo, lim X; = —co)

= P(lim X; = c0) — P(lim X; > —oo, lim X; = o).

2 1 - P(lim X; > —co)

=1

Corollary . Let(X;) be a d-dimensional Brownian motion. Then

P(lim |X;| = 00) = 1.
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Remark. If d > 3 we shall see later th&t(tLt IXi| = o0) = 1. i.e.
almost every Brownian path “wandersft o .

Theorem . Almost all Brownian paths are of unbounded variation in
any interval.

Proof. Let| be any intervald, b] with a<b. Forn=1,2,... define

n

Va(WQp) = Z W(t) — W(ti_1)| (t =a+ (b—a)i/n,i =0,1,2,...n),

i=1

The variation corresponding to the partidp dividing [a, b] into n 59
equal parts. Let

Un(w, Qn) = D I(w(t) — w(ti_1).
i=1

If
An(w, Qn) Sup w(ti) — w(ti-1)I,
then
An(W, Qn)Vn(W, Qn) = Un(W, Qn).
By continuitynL_t An(w, Qp) = 0. m|

Claim. Lt E[(Un(w.Qn) - (b- a))?] = 0.
Proof.

E[(Un - (b-a))%]

2
-E {Z[(th - Xy 1)? = (b- a/n)]}
=1

E[) (2 -b-a/m)?, Zj = Xy = X,
= nE[(ZZ - b-a/n)?]
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(becausej are independent and identically distributed).
= n[E(Z}) - (b-a/n)?] = 2(b - a/n)®> - 0.

Thus a subsequents#, — b—aalmost everywhere. Singg, — 0
it follows thatVy, (w, Qn) — oo almost everywhere. This completes the
proof. O

Note .{w : w is of bounded variation ona[b]} can be shown to be
measurable if one proves

Exercise.Let f be continuous ond, b] and defineV,(f, Q,) as above.

.....

Theorem .Let t be any fixed real number {8, ), D; = {w : wis
differentiable at}. Then RDy) = 0.

Proof. The measurability ob; follows from the following observation:
if fis continuous theri is differentiable at if and only if

fit+r)— f(t)

Lt
r—0 r
r rational
exists. Now
D; = Uw: |w| < M, for all h # O, rational
h
m=1
and
M+h
Xeeh — Xt : f 1 _pee
Plw: |2 =2 < M vheQh o}sz f | ———e¥dy=0
{w| H | e Qh# ng ) \/(Zﬂ)e y
O

Remark. A stronger result holds:

P[U Dt] o

>0



Hint: ) D J{ Dz {W:W(E)_W(k;rwl)|s %1}

O<t<1 =1 m=1n-m i=1 k=i+1,i+2,i+3

P[i:1 k:Dj » {w ; W(E) —W(k;nl)l < %1} const/\/n]

.....

and

This construction is due to A. Dvoretski, P. Erdos & S. Kakutani.






10. Dirichlet Problem and
Brownian Motion

LET G BE ANY bounded open set ii¥. Define the exit timeg(w) as 61
follows:
Ta(w) = {inft : w(t) ¢ G}.

If w(0) € G, rg(w) = 0; if w(0) € G, Tc(w) is the first timew escapes
G or, equivalently, it is the first time that hits the boundaryG of G.
Clearly rg(w) is a stopping time. By definitioiX.(w) € dG, Yw and
X:. Is arandom variable. We can define a Borel probability measure on
oG by

76(XT) = Px(Xeg €T)
= probability thatw hitsT".

If f is a bounded, real-valued measurable funciton defined@Gn
we define

W) = Ex(F(Xe0)) = f Fy)ma(x dy)
oG

where
Ex = EPx.
In caseG is a sphere centred aroumgdthe exact form ofrg(x,I') is
computable.
Theorem .Let S= S(0;r) = {y e RY : |y| < r}. Then
_ surface area of’
~ surface area of S

7T3(0, I’)

63
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64 10. Dirichlet Problem and Brownian Motion

.....

ant under rotations. Thuss(0, ) is a rotationally invariant probability
measure. The result follows from the fact that the only probability mea-
sure (on the surface of a sphere) that is invariant under rotations is the
normalised surface area. O

Theorem .Let G be any bounded region, f a bounded measurable real
valued function defined a¥G. Define (x) = Ex(f(X:.)). Then

() uis measurable and bounded;
(i) u has the mean value property; consequently,
(iii) uis harmonic in G.

Proof. (i) To prove this, it is enough to show that the mapping»
Px(A) is measurable for every Borel skt

Let? = {Ae A : x— Py(A) is measurable

.....

% is a monotone clasg = 4.

(i) Let S be any sphere with centre &t andS c G. Letr = 1g
denote the exit time througB. Clearlyr < 7g. By the strong
Markov property,

u(Xe) = E(f(Xeg)l-#7).

Now
U = Ex(F(Xe)) = Ex(ECF(Xea))I F2)
= E(U(X,)) = f uy)s(x. dy)

0S

= éfu(y)ds; |S| = surface area db.
S
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(i) is a consequence of (i) and (ii). (See exercise below).
i

Exercise’. Letu be a bounded measurable function in a re@osatis-
fying the mean value property, i.e.

u(¥) = é f uy)ds
S

for every spheré&s G Then

0 u09 = 275 [0y

(i) Using (i) show thatu is continuous.
(iii) Using (i) and (ii) show thau is harmonic.

We shall now solve the boundary value problem under suitable con-
ditions on the regiofs.

Theorem .Let G, f, u be as in the previous theorem. Further suppose
that

(i) fiscontinuous;

(i) G satisfies the exterior cone condition at every poind@f i.e.
for each ye 9G there exists a conefQvith vertex at the point y
of height h and such that,G- {y} c exterior of G. Then

lim _u(x) = f(y), Yy € 6G.
x—Y,xeG
64
Proof.

Step 1.Py{w : w(0) = y,wremains_in@ for some positive time= 0.
LetAn ={w:w(0)=y,w(s) e GforO< s<1/n},

Bn=Q-Ay, A= U Ay, B= (] B
n=1 n=1
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As Ay’s are increasingBp’s are decreasing ang, € .%1/,; so that
B € Zo:. We show thatP(B) > 0, so that by Bluementhal’s zero-one
law, P(B) = 1, i.e.P(A) = 0.

_ _ 1
Py(B) = lim Py(Bn) > lim Py{w: w(0) =y, w(=-) € Cn — {y}}
Thus

Py(b) > lim f 1/4/(2r/2n)" exp(|z - yI?/2/2n)dz
Ch—{y}
- [ 11yt rzay
Coo
whereC.,, is the cone of infinite height obtained fro@y. ThusPy(B) >
0.

Step 2.If C is closed then the mapping — Px(C) is upper semi-
continuous.

For, denote byXc the indicator function ofZ. As C is closed (in
a metric space)l a sequence of continuous functiofysdecreasing to
Xc such that 0< f, < 1. ThusEx(f,) decreases t&yx(Xc) = P«(C).
Clearly x — Ex(Fy) is continuous. The result follows from the fact that
the infimum of any collection of continuous functions is upper semi-
continuous.

65 Step 3.Leté >0,

N(y;6) = {z€ dG : z—-¥| < 5},
Bs = {w: W(0) € G, Xr5(W) € G — N(y; 9)},

i.e. Bs consists of trajectories which start at a point®and escape for
the first time througtdG at a point not inN(y; 6). If Cs = Bs, then

Csn{w:w0)=y}c An{w: w() =y}

whereA s as in Step 1.
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For, supposav € Csn{w : w(0) = y}. Then there exista, € Bs such
thatw, — wuniformaly on compact sets. W ¢ An{w : w(0) = y} there
existse > 0 such thaw(t) € GVtin (0,¢]. Leto* = o"?i d(w(t), G -

N(y,8)). Thens* > 0. If t, = 7g(wn) andt, does not converge to O,
then there exists a subsequence, again denotgg fych that,, > ke >

0 for somek € (0,1). Sincewn(ke) € G and wy(ke), w(ke) € G, a
contradiction. Thus we can assume thatonverges to 0 and also that
€ > tyVn, But then

*) [Wn(tn) — W(tn)| > 6.
However, asv, converges tav uniformly on [Q €],
Wn(tn) — W(tn) — w(0) - w(0) = 0
contradicting (*). Thusv e A{w : w(0) = y}.
Step 4. lim Py(Bs) = 0.
x—Y,xeG
For, 66
ﬁ Px(Bs) < ﬁ Px(Cs) < Py(Cs) (by Step 2)
= Py(Cs n{w : W(0) = y})
< Py(A) (by Step 3)
=0.

Step 5.

u() — F)l = | f F (X (W) PLW) — f £(y)dPy(w)|
Q Q

< f [F(Xee (W) - f(y)IdPx(W)+IJ(f(XTG(W))— f(y))dPx(w)|

Q-B;s
< f £ (e (W) — F)IAP(W) + 2/l Px(By)
Q-Bs

and the right hand side converges to &kas y (by Step 4 and the fact
that f is continuous). This proves the theorem.
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Remark. The theorem is local.

Theorem .Let G = {y e RY: 5 < |y| < R}, f any continuous function
ondG = {lyl = 6} N {lyl = R}. If uis any harmonic function in G with
boundary values f, then(x) = Ex(f(X:.)).

Proof. ClearlyG has the exterior cone property. Thus, if

V(X) = Ex(f(Xrg))s

thenv is harmonic inG and has boundary valuefs (by the previous
theorem). The result follows from the uniqueness of the solution of the
Dirichlet problem for the Laplacian operator.

The functionf = Oonlyl = Randf = 1 on|y = ¢ is of spe-
cial interest. Denote bwgff the corresponding solution of the Dirichlet
problem. O

Exercise. (i) If d =2 then

logR - log x|
RO/ _
Ué,1 X = —Iog R-Togs " ¥xeG.
(ii) If d> 3then , ,
RO B IXl—n+ _ R—n+
Usi (X = Smr—gmz
Case (i):d = 2. Then
logR-1log[x Rro
logR—-logs Us1 (%)
Now,
E(106e)) = [ ma(x e = Pull¥ecl =)
Iyl=6
i.e.
logR - log|x
O9R -0 _ b, (Xl = )

logR-logé
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Px (the particle hitgy| = ¢ before it hitsly] = R).

Fix Rand lets — 0; then 0= Py (the particle hits 0 before hitting
IVl =R).

Let Rtake values ]2, 3, ..., then 0= Py (the particle hits 0 before
hitting any of the circlegy| = N). Recalling that

Py(lim [X¢| = 00) = 1,
we get

Proposition . A two-dimensional Brownian motion does not visit a
point.
Next, keed fixed and let R» o, then,

1=Py(w(t) =6 forsometime t0).

Since any time t can be taken as the starting time for the Brownéan
motion, we have

Proposition . Two-dimensional Brownian motion has the recurrence
property.

Case (ii):d = 3. In this case

Px(w : whits|y| = ¢ before it hitsly] = R)
= (/X2 - /RV?)/(1/"% - 1/R).

Letting R — oo we get
Py(w : whits |y = 8) = (6/|x)"?

which lies strictly between 0 and 1. Fixirgand letting|x] — oo, we
have

Proposition . If the particle start at a point for away fror then it has
very little chance of hitting the circllg| = 6.
If X <6, then

P(w hits §) = 1where S = {y e R4 1 |y = 6}.
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Let
Vs(X) = (6/1X)"2 for |x| > 6.

In view of the above result it is natural to exteng % all space
by putting (x) = 1for || < 6. As Brownian motion has the Markov

property
Py{w : w hits S after time §

= fv(;(y)l/\/(Znt)d exp—|yi?/2t dy — 0 as t— +oo.

ThusP(w hits S for arbitrarily larget) = 0. In other wordsP(w :
lim w(t)] > §) = 1. As this is true¥é > 0, we get the following

t—ooo

important result.

Proposition . P(lim |w(t)| = c0) = 1,
t—oo

i.e. for d > 3, the Brownian particle wander away teco.



11. Stochastic Integration

LET {X; : t > 0} BE A one-dimensional Brownian motion. We warito

first to define integrals of the typﬁ f(s)dX(s) for real functionsf e
0

L1[0, o). If X(s w) is of bounded variation almost everywhere then we
can give a meaning tgﬁ f(9)dX(s,w) = g(w). However, sinceX(s, w)

0
is not bounded variation almost everywhegéw) is not defined in the
usual sense.

In order to defingy(w) = f f(s)dX(s, w) proceed as follows.

0
Let f be a step function of the following type:
n
f = Z X t,),0<t <th <...<th1.
i=1
We naturally define

o) = [ F(9XE W) = ) A, - X, (w)
0 i=1

= Z a(W(tiy1) — W(t)).
i=1

g satisfies the following properties:

() gis arandom variable;

71
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(i) E(9) = 0; E(¢?) = T a(ti.a — ti) = I fll.

This follows from the facts that (a&,, — X is @ normal random
variable with mean 0 and variandg.{ — t;) and (b)X;,, — X, are inde-
pendent increments, i.e. we have

E(fde]:O, E[|fde|2]=||f||§.

0

Exercise 1.If
n
f= Z A X[t t,1), 0 <t < ... <y,
i=1
m
9= Zbix[s,sﬂ)’oﬁ St <...< Sm1,
i=1
Show that

(f +g)dX(sw) = | fdX(sw)+ | gdX(s w)
/ [rooe]

and

f(a/f)dX(s,w) = cyf fdX(sw), Ya € R.
0 0

Remark. The mappingf — f fdXis therefore a Iineaté—isometry of

0
the spaces of all simple functions of the type

n
Z aiX[ti,tM), Oty <...<th)
i=1

into L(Q, 4, P).
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Exercise 2.Show thatS is a dense subspace Iof[0, «).
Hint: C.[0, =), i.e. the set of all continuous functions with compact sup-
port, is dense im.2[0, c0). Show thatS contains the closure @[O0, co).

Remark. The mappingf — ffdx can now be uniquely extended as

0
an isometry o1.2[0, o) into L%(Q, 4, P).
Next we define integrals fo the type 72
t
ow) = [ X(s wex(s w)
0
Putt = 1 (the general case can be dealt with similarly). It seems
natural to define
1

¢ [ Xewaxg = Lt > XEDXE) - X-1)
i-1

supltj—tj_1|—0
0

where 0=ty <ty <... <t, = lisapartion of [01] with tj_; < & <t;.

In general the limit on the right hand side may not exist. Even if it
exists it may happen that depending on the choic§ ,ofve may obtain
different limits. To consider an example we chogge= t; and then

£&j = tj_1 and compute the right hand side eJ.(If & = tj_y,

n n
Z X§j (th - th—l) = Z th—l - (th - th—l)
j=1 j=1

1\ 1\
=5 Z(th) - (Xyy) — > Z(th = Xtj1)
=1 j=1

1 1
E[x2(1) - X%(0)] - 58N o, and suptj —tj_1| — O,

arguing as in the proof of the result that Brownian motion is not of
bounded variation. If; = t;,

n
nl__)to0 Z Xe, (X, — Xyy_,) = 1/2X(1) — 1/2X(0) + 1/2.
Supitj—tj-1|-0 j=1
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Thus we get dferent answers depending on the choice joand
hence one has to be very careful in defining the integral. It turns out
that the choice of; = tj_, is more appropriate in the definition of the
integral and gives better results.

Remark. The limit in (x) should be understood in the sense of conver-
gence probability.

Exercise 3.Let 0 < a < b. Show that the “left integral”4; = tj_1) is
given by
b
20k — X2(a) — (h—
LfX(s)dX(s) _ X4(b) - X (za) (b-a)
a

and the “right integral” £ = t;) is given by

b
fo(s)dx(s) _ X2(b) — x2(2a) +(b- a)‘

S

We now take up the general theory of stochastic integration. To
motivate the definitions which follow let us considedalimensional
Brownian motion{A(t) : t > 0}. We have

ELB(t + 9 - (D) € AL = f 1/y(2x9e /25y,

A

Thus

BB+ 9 - FONA = [ F0L/v@roe ™y
In particular, iff(x) = &*Y,

B[ (5t + 9 - BN = [ /(2o 2oy

—su2
=e 2 .

Thus
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E[éu.ﬁ(t+s)|%] _ eiu.ﬁ(t)e—slulz/z’

or,
E[eiu.ﬁ(t+s)+(t+s)|u|2/2|<%] — duB®+u?/2.

Replacingiu by 6 we get
E[eeﬁ(s)—lwlz/Z | 7] = BO-UP2 g ¢ v,

Itis clear thag?#0-19%/2 js Z-measurable and a simple calculation
gives
E(eFO19PY2) < o5 v,

We thus have

Theorem .If {B(t) : t > 0} is a d-dimensional Brownian motion then
expg.B(t) - |6°t/2] is a Martingale relative to%;, theco-algebra gener-
ated by(B(s) : s<t).

Definition. Let (Q, 4, P) be a probability space#;)i-o and increasing
family of subo-algebras of# with . = o(|J %).

t>0

Let
(i) a:[0,00)xQ — [0, o) be bounded and progressively measurable;
(i) b:[0,)x Q — R be bounded and progressively measurable;

(i) X:[0,0)xQ — R be progressively measurable, right continuous
on [0, ), ¥ W € Q, and continous on [@) almost everywhere
onQ;

OX(tw)-0 ft b(sw)ds- % f[ a(sw)ds
(iv) Z(w) =€ 0 0

be a Martingale relative to%:)i>o-

75

ThenX(t, w) is called an Ito process corresponding to the parameters
b anda and we writeX; € I[b, a].

N.B. The progressive measurability ¥f= X; is .#;-measurable.
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Example.If {8(t) : t > 0} is a Brownian motion, theiX(t,w) = B¢(w)
is an Ito process corresponding to parameters 0 and 1. (i) and (ii) are
obvious. (iii) follows by right continuity of3; and measurability oB;
relative to.%; and (iv) is proved in the previous theorem.

Exercise 4.Show thatZi(w) defined in (iv) is.#;-measurable and pro-
gressively measurable.

[Hint:
(i) Z is right continuous.

(i) Use Fubini’'s theorem to prove measurability].

t
Remark. If we put Y(t,w) = X(t,w) — fb(s, w)dsthenY(t,w) is pro-

0
gressively measurable andt,w) is an Ito process corresponding to
the parameters @. Thus we need only consider integrals of the type
t

[ f(sw)dY(s w) anddefine
0

t t t
f f(sWdX(s W) = f fswdY(sw) + f (s W)b(s w)ds
0 0 0

(Note thatformally we havedY = dX — dbt).

Lemma . If Y(t,w) € 1[0, a], then
t
Y(t,w) and YX(t,w)— f a(s,w)ds
0

are Martingales relative t§.%1).

Proof. To motivate the arguments which follow, we first give a formal
proof. Let

oY(t, w)—— f a(sw)ds
Yo(t) = €
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. , Yo—1. :
ThenYy(t) is a martingaleyé. Therefore(’T is a MartingaleYo.
Hence (formally),

= Yylo-0
is a Martingale.

Step 1.Y(t,-) € LXQ, .#,P), k = 0,1,2,... andVt. In fact, for every
reald, Yy(t) is a Martingale and hendg(Yy) < . Sincea is bounded
this means that

E(Y®)) < oo, V.

Taking# = 1 and-1 we conclude thaE(€"!) < o« and hence
E(Y) < 00, Yk =0,1,2,.... SinceY is an Ito process we also get

K

t

Y(t)-% [ads
0

e < 00

SUpE

|0|<a

Yk and for everyr > 0.

Step 2.Let Xg(t) = [Y(t,)) -6 ft adqY(t) = %Yg(t, ).
Define °

oal0) = f (Xo(t, ) = Xe(s )dP()
A

wheret > s, A€ Z,. Then

)

02

[on@a0= [ [t - X5, Py
61 61 A

Sincea s bounded, sUE([Y(t, )]€) < oo, andE(Y[¥) < oo, Yk; we

|0l<a
can use Fubini’s theorem to get

6o )
Pa(0)de = [Xa(t, ) — Xo(s, -)1d6 dP(w).
Joo-]]
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or

02
Pa()do = | Yo, (t,-) = Yo, (t,-)dP(W) — [ Yo, (S ) = Yo, (s -)dP(w).
oo [ f

A A

Let A e %5 andt > s; then, sinceY is a Martingale,

02
f #a(6)dé = 0.
01

This is truevo, < 6, and sincepa(6) is a continuous function df,
we conclude that

#a(6) = 0, V6.
In particular,¢a(f) = 0 which means that
fY(t, dP(w) = fY(s, JdP(w), YAe Z, t> s
A A
78 i.e., Y(t)is a Martingale relative to¥, .7, P).
To prove the second part we put

d2
Zo(t.) = 25 Yo(0)

and

Ua6) = f (Zut. ) - Zo(s. -)}dPW).

A
Then, by Fubini,

62 62
Ya(f)do = Zy(t, ") — Zo(s, )6 dP(w).
[rowe ]
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or,

62
f UA)d8 = Ba(6) — Ba01)
01

=0ifAe s, t> s

Therefore
wa(6) =0, V6.

In particular,ya(6) = 0 implies that

t
Y2(t,w) — | a(s,w)ds
/

is an Q, %, P) Martingale. This completes the proof of lemfla 1.0

Definition. A function 8 : [0, o) x Q — R is called simple if there exist
realssy, St,..., S, . .-

0<gp<s<...<S...< 00,
S, increasing torco and
0(s W) = ;W)
if s€ [sj, sj+1), wheredj(w) is 7 -measurable and bounded. 79

Definition. Let 6 : [0, ) x Q — R be a simple function and(t,w)
1[0, a]. We define the stochastic integral @With respect tovr, denoted

t
f 6(s WdY(s W),
0

by

t
£t w) = f 6(s )dY(s )
0



80 11. Stochastic Integration

K
= ), 0i-1(W)LY(s), W) = Y(sj-1, W)] + (W) Y(t, W) — Y(sc, W)].
=1

| | | It ]

so=0 S1 So Sk Sk+1

Lemma 2. Leto : [0, ) x Q — R be a simple function and(¥,w)
I[0,a]. Then

t
E(t,w) = f o(s,w)dY(sw) € 1[0, a0?].
0

Proof. (i) By definition, o is right continuous andr(t,w) is .-
measurable; hence it is progressively measurable. Sifgpro-
gressively measurable and bounded

ao? 1 [0,00) x Q — [0, o)
is progressively measurable and bounded.

80 (i) From the definition of¢ it is clear that£(t, -) is right continuous,
continous almost everywhere a#-measurable thereforé is
progressively measurable.

[0£(tw)— 2 ft ac2ds]
(i) Z(w) =e 0
is clearly.%#-measurabl&/d. We show that

E(Z) < o, VtandE(Z,| %) = Z, if t; < ta.

We can assume without loss of generality that 1 (if 0 # 1 we
replaceo by 607). Therefore

t
[tw)- [ a0?dg
Z(w) =¢e 0 .
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Sincea ando are bounded uniformly on [], it is enough to show that
E(e6tW) < co. By definition,

k
£tw) = . 0 s WIY(S).W) — Y(Sj-1.W)] + BW)(Y(E W) - Y(S W)).
=1

The resultE(&®W) < oo will follow from the generalised Holder’s in-
equality provided we show that

E(ePMWIYEW-Y(swWly < o
for every bounded functiofi which is.%s-measurable. Now
E(@YE)-Y6EN z) =
constant for every constadtsinceY e 1[0, a]. Therefore
E(@WIYE)-YEN) 2 = constant
for everyd which is bounded and“s-measurable. Thus
E(&@WIYE)-YEN < oo,

This proves thaE(Z;(w)) € .
Finally we show that

E(Z,|7) = Zy(w), if ty <t
Consider first the case wheénpandt, are in the same interval
[Se Scr1)-
Then

E(to, W) = &(t1, W) + ok(W)[Y(t2, W) — Y(t1, W)]  (see definition),

to fh t2
fao-z(s,w)ds:fao-z(s,w)ds+fao-2(s,w)ds
0 0 t1

81
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Therefore

> &
E(ZWIF) = 2, WEEXPB V() - Y. w] - 5 [ ar’dg) )
t

asY € 1[0, a.

t
2 2

() EEBYw - Tw) - 5 [ alswdgz) -1

t1

and sincer(w) is F,-measurable+) remains valid ifd is replaced by
fo . Thus
E(ZtZIytl) = Ztl(W)'

The general case follows if we use the identity
E(E(X|60)|62) = E(X|6,) for %> C 4.
ThusZ; is a Martingale ang(t, w) € 1[0, ac?]. O
82 Corollary . (i) &(t,w)is a martingale; E£(t,w)) = O;
t
(i) &(t,w) - f ac?ds
0

is a Martingale with
t
E(E(w) = E( [ ar(swds
0

Proof. Follows from LemmdIL. O

Lemma 3. Leto (s, w) be progressively measurable such that for each
t,

t
E(fo-z(s,w)ds) < co.
0
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Then there exists a sequeneg(s, w) of simple functions such that
t
lim E[ f lon(s, W) — o (s, w)|2ds] = 0.
0

Proof. We may assume that is bounded, for ifoy = o for [o] < N
and 0 ifjo| > N, theno, — o, Y(s W) € [0,1] X Q. o is progressively
measurable angr, — o] < 4|c|2. By hypothesisr € L([0,1] : Q).

t

ThereforeE(f lon—old9 — 0, by dominated convergence. Further,
0
we can also assume thatis continuous. For, ifr is bounded, define

t
oh(t,w) = 1/h f o(sw)ds
(t-hyvo

o is continuous it and.#-measurable and hence progressively mea-
surable. Also by Lebesgue’s theorem

oh(t,w) - o(t,w), as h—- 0,vt,w.

Sinceo is bounded b\C, o, is also bounded b¢. Thus 83
t
E( f loh(s, W) — o(s, W)[2dg) — 0.
0

(by dominated convergence). dfis continuous, bounded and progres-
sively measurable, then

on(sw) = 0(? )

is progressively measurable, bounded and simple. But

nl:io on(swW) = o(sw).
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Thus by dominated convergence

t
E[f|an—a|2ds]_>o as n— oo.
0

Theorem . Leto (s, w) be progressively measurable, such that

t
E(fo-z(s,w)ds) < o0
0

for each t> 0. Let(o) be simple approximations ® as in Lemmal3.

Put
t

énlt,w) = f on(s, W)dY(s w)

0
where Ye I[0,a]. Then

0] nLt &n(t, w) exists uniformly in probability, i.e. there exists an al-

most surely continuoug(t, w) such that

Lt P( sup [&n(t,w) — £(t, W) = €| =0
N=co \o<t<T

for eache > 0 and for each T. Moreoveg is independent of the
sequencéoy).

84 (i) The mapr — £is linear.
t
(iii) &(t,w) and&2(t,w) — [‘ac?ds are Martingales.
0

(iv) If o is bounded¢ € 1[0, ac?].
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() 1t is easily seen that for simple functions the stochastic
integral is linear. Therefore

t
(En— Em)(tW) = f (0 — om)(s WAY(S W)
0

Sinceé&y — &m is an almost surely continuous martingale

1
P sup I6a(t. W) - &t W) = ) < LElE0 - (T W],
O<t<T €

This is a consequence of Kolmogorov inequality (See Appendix).

Since .

(€= &n? - [ alm - o2
0
is a Martingale, anad is bounded,

.
(*)  Elén - &mA(T.wW)] = E[f(o'n—o'm)za ds]-
0 1 }
< const=E| | (on- a-m)zds].
[

n,rr%—tmo El(&n - fm)z(T, w)] = 0.

Therefore

Thus €,—&m) is uniformly Cauchy in probability. Therefore there
exists a progressively measurablsuch that

Lt P{ sup [&n(t, W) — £(t,wW)| > e) =0, Ye > 0, VT.
n—=eo \o<t<T

It can be shown that is almost surely continuous.
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If (on) and @) are two sequences of simple functions approxs
matingo-, then &) shows that

E[(¢én — £)2(T. W)l — 0.

Thus
Ltén = Lt&,

i.e.£is independent of,).

(ii) is obvious.

(iii) (*) shows thaté, — £ in L and therefore,(t, -) — &(t, ) in L1 for

each fixed. Since&y(t,w) is a martingale for each, £(t,w) is a
martingale.

t

(iv) £(t.w) - [ac? is a martingale for each
0

Since&n(t, w) — £(t, w) in L2 for each fixed and

£2(t,w) — £2(t,w) in LY for each fixed.

For £2(t,w) — £2(t, W) = (&n — €)(&n + &) and using Holder's in-
equality, we get the result.

Similarly, since

o — o in L3([0,1] x Q),
o2 - o?in LY([0,1] x Q),
and becausais boundedo? — ac? in L1([0, t]xQ). This shows

t
that£a(t,w) — [ acidsconverges to
0

t
£(t,w) - | ar?ds
/
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for eacht in L. Therefore
t
£2(t, W) — f ar?ds
0

is a martingale. 86

Let o be bounded. To show théte 1[0, o] it is enough to show
that .
95(t,w)—§ [ac?ds
e 0
is a martingale for eachy the other conditions being trivially sat-
isfied. Let

t
2
Oéa(tw)-5 [acids
0

Zn(t, W) =€

We can assume that,| < Cif |o| < C (see the proof of Lemma

B).

t t
(26)° 2 2 2
Zp = exp|26&n(t, w) — - acpds+6° | acpds|.
0 0
Thus

t
2660(tw)- 222 [aods
o = const

(**) E(Z,) < constE [e

sinceZ, is a martingale for each A subsequencg, converges
to .
eg(t,w)—% [ac?ds
e 0
almost everywhereR). This together with (**) ensures uniform
integrability of ¢,) and therefore

t
2
oetw)-% [ac?ds
0

e
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is a martingale. Thugis an Ito process: € 1[0, ac?].
m]

Definition. With the hypothesis as in the above theorem we define the
stochastic integral

t

£t w) = f (s wdY(s w).

0

Exercise.Show thatd(X + Y) = dX + dY.

Remark. If o is bounded, they satisfies the hypothesis of the previ-
ous theorem and so one can define the integrgl with respect toy.
Further, sincé itself is 1td, we can also define stochastic integrals with
respect to.

Examples. 1. Let{A(t) : t > 0} be a Brownian motion; thes(t, w) is
progressively measurable (being continuous &geneasurable).

Also,
ffﬂ (s)ds dP= ffﬁ (s)dP ds= fsds_

Hence .
f B(s,w)ds(s, w)
0
is well defined.
t
2. Similarlyf,B(s/Z)d,B(s) is well defined.
0
3. However

t
f B29dB(9)

is not well defined, the reason being té2s) is not progressively
measurable.
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Exercise 5.Show thai3(2s) is not progressively measurable. 88
(Hint: Try to show thaj3(2s) is not.#s-measurable for evers. To show
this prove that%s # F»s).

Exercise 6.Show that for a Brownian motigg(t), the stochastic integral

1

[ s a8t )
0
is the same as the left integral
1
L [ s dsts.)
0

defined earlier.






12. Change of Variable
Formula

WE SHALL PROVE the 89

Theorem .Let o be any bounded progressively measurable function
and Y be an Ito process. fis any progressively measurable function

such that t
E[fﬁzds] < 00, Vi,
0
then
t t
) f Adé(s W) = f A(s W (s w)dY(s w)
0 0
where
t
E(t,w) = f a(sw)dY(s w).
0
Proof.

Step 1l.Let 2 ando be both simple, witm bounded. By a refinement
of the partition, if necessary, we may assume that there exist reals 0
S, St,...» S, ... INCreasing to+oco such thatl and o are constant on
[s, Sj+1), sayd = 4j(w), o = oj(w), wheredj(w) andoj(w) are F;-
measurable. In this case (*) is a direct consequence of the definition.

91
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Step 2.Let A be simple and bounded. Let{) be a sequence of simple
bounded functions as in Lemrih 3. Put
t

&(tw) = | on(sw)dY(sw)
/
By Step 1,
t t
**) Adén = | AondY(s w).
[ s |

0
SinceA is bounded o, converges tolo in L2([0,t] x Q). Hence,
t t
by definition, [ Ac,dY(s, w) converges tof Ac-dY in probability.
0 0

Further,
t

f Ad£n(S W) = A(So, W[En(S1 W) — En(So. W] + - -
0
+ o4 A(S, W)[En(t, W) — En(S-1, W),

wheresy < s1 < ...... is a partition fora, andé&,(t, w) converges to
&(t, w) in probability for everyt. Therefore
t
[ adeatsw
0

converges in probability to
t
[ s w.
0
Taking limit asn — oo in (**) we get
t t
f/ldf(S,W) = f/lo-dY(s,w).

0 0
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Step 3.Let A be any progressively measurable function with

t
E(f/lzds) < oo, Vi.
0

Let 1, be a simple approximation tbas in Lemm&l3. Then, by Step
2,

t t
(***) f An(s W)d(sw) = f An(s W)or(s, W)dY(s, w).
0 0
By definition, the left side above converges to

t
f A(s w)dé(s,w)
0

in probability. Asc is boundedl,o converges talo in L2([0, 1] x Q). 91
Therefore

t t
P[ sup | | AnodY(s,w) — f/la- dy(s,w)| > e]

0<t<T
0 0

t
llalle1/€°E [ f (Ano — A0)?d s]
0

(see proof of the main theorem leading to the definition of the stochastic

integral). Thus
t

Of AnordY(s W)

converges to
t

f/lo dY(s,w)
0
in probability. Letntend to+ in (***) to conclude the proof.
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12. Change of Variable Formula

O



13. Extension to
Vector-Valued Itd Processes

Definition. Let (Q, .#, P) be a probability space and4) an increasing 92
family of subo-algebras of#. Suppose further that

i) a:[0,00)xQ— SY

is a probability measurable, bounded function taking values in the class
of all symmetric positive semi-definiéx d matrices, with real entries;

(ii) b: [0, ) x Q — RY
is a progressively measurable, bounded function;
(iii) X 1[0, 00) x Q — RY

is progressively measurable, right continuous for ewegnd continu-
ous almost everywheré;

t
Z(t, ) = expl6. X(t. ) - f (0,b(s ))ds
0

t
(iv) — % f (6, a(s,-)p)ddg
0

is a martingale for each e RY where
(X Y) = XaY1 + -+ XY, % Y€ R

95
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Then X is called an Itd process corresponding to the paraméters

anda, and we writeX € 1[b, a]

Note. 1. Z(t,w) is a real valued function.

2. b is progressively measurable if and only if edghis progres-
sively measurable.

3. ais progressively measurable if and only if eaghis so.

Exercise 1.If X € I[b, a], then show that

(i) X € I[bj, ai],
d
(il Y= 36X € 1[0, by, (6, )],
i=1
where
0= (01....0q).

(Hint: (ii) (i). To prove (ii) appeal to the definition).

Remark. If X has a multivariate normal distribution with mearand
covariance fjj), thenY = (6, X) has also a normal distribution with
mean(d, 1) and varianced, pd). Note the analogy with the above exer-
cise. This analogy explains why at timless referred to as the “mean”
anda as the “covariance”.

Exercise 2.If {8(t) : t > 0} is ad-dimensional Brownian motion, then
B(t,w) € 1[0, ITwherel = d x d identity matrix.

t
As before one can show th¥(t, ) = X(t,-) — fb(s, w)dsis an Itd
0

process with parameters 0 aad

Definition. Let X be ad-dimensional Ito processs = (01,...,04) a
d-dimensional progressively measurable function such that

t
Ef [ (o(s-),0(s)) > dSJ
/
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is finite or, equivalently,

t
E[fa-iz(s,-)ds] <o, (i=12,...d).

0
94

Then by definition

t d t
[esraxs =), [osgaxs
0 =1%

Proposition . Let X be a d-dimensional 1td processexXl[b, a] and let
o be progressively measurable and bounded. If

t

&t = f idX (s ).

0

then

§=(61.....4u) € I[B, Al

where
B= (0’1b1, . ..,O‘dbd) and Aj = 00 jgjj.

Proof. (i) Clearly A is progressively measurable and bounded.
Sinceae SY, Ae SY,

(i) Again Bis progressively measurable and bounded.

(iii) Since o is bounded, eack(t, -) is an Itd process; henceis pro-
gressively measurable, right continuous, continuous almost ev-
erywhere P). It only remains to verify the martingale condition.

Step 1.Letd = (64,...,6q) € RY. By hypothesis,

t
¢ E(expll:iXa + -+ IaXa)k- - f (021 + - - + Babo)du
S
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t
1
-5 [ Yo0megi7 -1
0

95 Assume that eachr; is constant on4t], o5 = oj(w) and %s-
measurable. Then (*) remains trugjfare replaced bg;6;(w) and since
oi’'s are constant oves[t], we get

t d t
E(expl [ Y (s 9dX(s) - [ abern(s )ds
o =t 0

t
_%fzeiejcri(s,-)oj(s,-)ajdslls)
0

d S S
explf Gioi(s )dX(s ) - f(@, B)du - 1f<9,A6>du .
i=1 0 0

0 |

Step 2.Let eacho be a simple function.

ececee — I 1  eeces eeeee — 1 | eeceece
s,(1) Y(]) s(_l)t

S R
Loy L) 1

(@)
St s

By considering finer partitions we may assume that egdk a step
function,

IR RN N 1 1 1 1 ececec o

finest partition

i.e. there exist pointsg, S1, $,...,5,S= 9 < S1 < ... < Sy1 =1,
such that ong, sj;1) eacho is a constant ang-measurable. Then (**)
holds if we use the fact that %7 > %>.

E(E(f41)%2) = E(f|%2).
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Step 3.Let o be boundedjo| < C. Let (¢™) be a sequence of sim-
ple functions approximating- as in Lemmal3. (**) is true i is re-
placed bya-i(”) for eachn. A simple verification shows that the expres-
sionZy(t, -), in the parenthes is on the left side of (**) with replaced
by 0", converges to

Z(t,) =
t

t
=EXD(IZGiO'i(Ss')dS—fzé’ibiO'i(S, J)ds-
0 | |

0
t

_% fz QinO'ina;de)
i,

0

asn — oo in probability. SinceZu(t, ) is a martingale and the functions
oi, oj, aare all bounded,

SUPE(Zn(t, ) < oo.

This proves thaZ(t, -) is a martingale. m]

Corollary . With the hypothesis as in the above proposition define

t
2(t) = f (o(.).dX(s. ).
0

Then
Z(t,) € l[{o, b), cac™]

wherec™ is the transpose af.
Proof. Z(t,-) = &(t,-) +-- - + &4(t, *). ]

Definition. Let o(s,w) = (oij(s, w)) be an x d matrix of progressively
measurable functions with

t
E[faﬁ(&-)ds]<oo.

0
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If X is ad-dimensional Itd process, we define

t t
[ f o(s )dX(s -)] = f 7ij(s.)dXi(s. ).
i 0

d
0 =1

Exercise 3.Let .

Z(t.w) = f (s )dY(s ),
0

whereY € 1[0, a] is ad-dimensional 1td process armdis as in the above
definition. Show that
Z(t,-) € 1[0, 0a0™]

is ann-dimensional Ito process, (assume thds bounded).

Exercise 4.Verify that

t
E(Z(t)) = E[ f tr(a-aa-*)dsJ.

0

Exercise 5.Do exercise 3 with the assumption tledo™ is bounded.

Exercise 6.State and prove a change of variable formula for stochastic

integrals in the case of several dimensions.

(Hint: For the proof, use the change of variable formula in the one di-

mensional case ard{X + Y) = dX + dY).



14. Brownian Motion as a
Gaussian Process

SO FAR WE have been considering Brownian motion as a Markov 8-
cess. We shall now show that Brownian motion can be considered as a
Gaussian process.

Definition. Let X = (X3, ..., Xn) be anN-dimensional random variable.
It is called anN-variate normal (or Gaussian) distribution with mean
u = (ug,...,uNn) and covariancd if the density function is

1 1
20)V72 (detA)1/2

p(- 510X - A X - )
whereAis anN x N positive definite symmetric matrix.
Note. 1. E(X) = y.

2. Cov(Xi, X)) = (A)ij-

Theorem . X = (Xy, ..., XN) is a multivariate normal distribution if and
only if for everyd € RN, (9, X) is a one-dimensional Gaussian random
variable.

We omit the proof.

Definition. A stochastic proceds : t € 1} is called a Gaussian process
if Vg, to, ..., tn €1, Xy, - .., Xty) IS @anN-variate normal distribution.

101



102 14. Brownian Motion as a Gaussian Process
Exercise 1.Let {X; : t > 0} be a one dimensional Brownian motion.
Then show that

(a) X is a Gaussian process. 99

(Hint: Use the previous theorem and the fact that increments are
independent)

(b) E(X;) =0, Vt, E(X(t)X(9)) = sAt.
Letp :[0,1] = [0,1] — R be defined by

o(st) =sAt.

DefineK : L2[0,1] — L2[0, 1] by
1
Kf(s) = | p(st)f(t)dt.
/

Theorem .K is a symmetric, compact operator. It has only a countable
number of eigenvalues and has a complete set of eigenvectors.

We omit the proof.

Exercise 2.Let A be any eigenvalue &€ andf an eigenvector belonging
to 4. Show that

(@) Af” + f = 0with Af(0) = 0 = Af'(1).

(b) Using (a) deduce that the eigenvalues are givea by 4/(2n +
1)?7? and the corresponding eigenvectors are given by

fr=2SinY2[(2n + Datln=0,1,2,....

LetZy, Z1,...,2Z,... beidentically distributed, independent, normal
random variables with mean 0 and variance 1. Then we have

Proposition . Y(t,w) = Z Zn(W) fr(t)VAn
n=0
converges in mean for every real t.
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m
100 Proof. Let Ypy(t,w) = Y, Z(w)fi(t)y/4;. Therefore
i=0

n+m

E{(Ynem(t ) = Yalt, D% = D T2,
n+1

E(I¥nim() = YaO)I? < 3 4 = 0.

n+1

O

Remark. As eachYj(t, -) is a normal random variable with mean 0 and
n

variance )’ 4; fiz(t), Y(t,-) is also a normal random variable with mean
i=0

[se]
zero and variance, A fiz. To see this one need only observe that the
i=0
limit of a sequence of normal random variables is a normal random vari-
able.

Theorem (Mercer).
pst) = > Afi®h(9). (st €[0.1]x[0.1]
i=0

The convergence is uniform.
We omit the proof.

Exercise 3.Using Mercer’'s theorem show th@X; : 0 <t < 1}is a
Brownian motion, where

X(t,w) = i Zn(W) fr(t) v An.
n=0

This exercise now implies that

1
fxz(s, w)ds = (L? — norm of X)?
0
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= Z AnZ3(w),

since f,(t) are orthonormal. Therefore 101

E(e_agxz(s, )ds) E(e -1 z AnZA(W) )) _ l_[ E(e ~A1nZ2 D)

(by independence &)

o0

l_[ g AnZ 0)

n=0

asZy, Z, ... are identically distributed. Therefore

-2 f X3(s.- )ds ©

Ee ° )=[|uva+21)
n=0

h l_[ 1/‘/( @n+ 1)2n2)
= 1/\/(cosh)\/(2/l).

1
APPLICATION. If F(a) = P([ X?(s)ds < a), then
0

(o) (o8]

f e 2dF(a) = f e 2dF(a)

0 —00
— (e b X999 — 1/y/(coshy/(24).



15. Equivalent For of It0
Process

LET (Q, .#, P) BE A probability space with.#:)i-0 and increasing fam- 102
ily of sub o-algebras of# such thai-(U .%;) = .#. Let
=0

(i) a:[0,0)xQ — S] be aprogressively measurable, bounded func-
tion taking values irS, the class of altix d positive semidefinite
matrices with real entries;

(i) b: [0,00) x Q — RY be a bounded, progressively measurable
function;

(iii) X : [0, ) x Q — RY be progressively measurable, right continu-
ous and continuous a.g(s,w) € [0, o) x Q.

For (s w) € [0, ) x Q define the operator

52

d
st=%z (Sw)ax.a +Z ,(s,W)—

For f, u, hbelonging toCZ (RY), C([0, c0) x RY) andC2([0, c0) x
RY) respectively we defin¥; (t, w), Zu(t, w), Pn(t, w) as follows:

t
Ye(tw) = FX(t W) — f (Lew(F)(X(s W)ds
0

105



106 15. Equivalent For of Itd Process
t
ou
Zy(t, w) = u(t, X(t, w)) —f 7S + Lswu| (s X(s,w))ds
0

t
Ph(t, w) = explh(t, X(t, w)) — f(g—z + sth) (s, X(s,w)ds—
0

t
-3 fo (a(s WV,h(s X(s W), Vxh(s X(s W)d.

Theorem . The following conditions are equivalent.

t t
(i) Xo(t, W) = exp[6, X(t,w)) — [<6,b(s w))ds— [(6,a(s w)e)dg
0 0

is a martingale relative t¢Q, .%;, P), V6 € RY.

(i) Xu(t,w) is a martingaleY, in RY. In particular X(t, w) is a mar-
tingale Vo € RY.

(i) Yi(t,w) is a martingale for every £ Cg"(Rd)
(iv) Zy(t,w) is a martingale for every & C3([0, ) x RY).
(v) Pr(t,w)is a martingale for every k& Cg’z[(O, o) x RY).

(vi) The result (v) is true for functions ke CY2([0, ) x RY) with
linear growth, i.e. there exist constants A and B such )| <

AlX + B.
2
The functionsa—h, a—h and- oh which occur under the integral
ot 0% 0% 0X;

sign in the exponent also grow linearly.

Remark. The above theorem enables one to replace the martingale con-
dition in the definition of an Itd process by any of the six equivalent
conditions given above.

Proof. (i) (ii). X,(t,-) is.%#;-measurable because it is progressively mea-
surable. ThaE(|X,(t,w)|) < « is a consequence of (i) and the fact that
ais bounded.



107

X,l(t, W)

A(SW
Morera’s theorem shows thatis analytic. LetA € .%s. Then

X/l(t, W)
Af Xa(sw) dPw)

The functiona !, is continuous for fixed, s, w, (t > 9).

is analytic. By hypothesis, 104

Xa(t,w) N d
AfXA(S,W)dP(W) =1 VieRd

X
A(t W) dP(w) 1,V complexA. Therefore

hus [ <

A

E(Xa(t, W)Fs) = Xa(s W),

proving (ii). (i) = (iii). Let

t t
A(t,w) = expl—i f (6, b(s, w))ds+ % f (0, a(s, w)e)ds|, 6 € RY.
0 0

By definition, A is progressively measurable and continuous. Also
A . o
|d—(t, w)| is bounded on every compact setRnand the bound is in-
dependent ofv. ThereforeA(t, w) is of bounded variation on every in-
terval [Q T] with the variation||Allp 1) bounded uniformly inw. Let
M(t, w) = Xig(t, w). Therefore

sup [M(t,w)| < €2 T sup |6, ad)|.
O<t<T o<t<T

By (ii) M(t, ) is a martingale and since
E( sup [M(t, w)| ||A||[O,T](W)) < 00, YT,

O<t<T
t

M(t )AL ) - 5 f M(s.-)dAGS )

0
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is a martingale (for a proof see Appendix), i¥:.(t,w) is a martingale
when f(x) = @».

Let f € CP(RY). Thenf € .F(RY) the Schwartz-space. Therefore
by the Fourier inversion theorem

ﬂ@:ff@&WMa
Rd

On simplification we get

Yit,w) = | £(6)Yo(t, w)do
/

whereYy = Ydi(8, x). Clearly Y¢(t, ) is progressively measurable and
hence%;-measurable.
Using the fact that

d?
E(Yo(t, w)l) < 1+ t el lblles + 10 lall,

the fact that#(RY) c LY(RY) and that.#(RY) is closed under multi-
plication by polynomials, we geE(|Y;(t,w)|) < oo. An application of
Fubini’s theorem give&(Ys (t, w)|.%s) = Yi(sw), if t > s. This proves
(iii).

(iii) = (iv). Letu € Co([0, o) x RY).

Clearly Zy(t, ) is progressively measurable. Singgt, w) is boun-
ded for everyw, E(|Z,(t,w)|) < . Lett > s. Then

E(Zu(t, W) - Zy(s,W)|.Fs) =
t
= E(u(t, X(t, W) — u(s, X(s, W)|-Zs) — E(f(g—; + Lowl)(o, X(o, w)do|.Fs)
= E(u(t, X(t, w) — u(t, X(s, W))|.Fs) + E(u(t, X(s, W) — u(s, X(s, W))|-Fs)—

t
g f (52 + Lyt X(or, W)dol 79
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t
= E(f(LU,WU)(t, X(o, wW))do | Fe)+
t
+ E(f(g—:_(a', X(s, w))do|.F7s)—
t
= f (27: + Lo¥, wy(or, X(o, W))do|.Zs), by (i)
) t
= E( f [Loali(t, X(cr, W) — Lowli(er, X(or, W))]dorl. )
t
+ B[ 15 X(8 W) - 220 X(r w)ldor 7

t
= E( f (Lowu(t, X(o, W) — Lywl(o, X(o, w))]do|.F)

o

t
~E([ & [ Lo X7
S S
106
The last step follows from (iii) (the fact that > s gives a minus

sign).
t

t
= E(fdo-f%LU,WU(p,X(O',W))dﬂys)
0

o
o

t
K f dor f Ly (7, X(o, W)k

S

=0

(by Fubini). Thereforez,(t, w) is a martingale.
Before proving (iv)= (v) we show that (iv) is true ifi € C}*([0, o)
xRY. Letue C°.
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(*) Assume that there exists a sequengg € C;’[[0, o) xR9] such

that
du, Ou duy, Ou  Aup d2u

—_— =, — = —, —
ot ot~ 0% 0%~ 0% 0X; OX0X;
uniformly on compact sets.
Thenz,, — Z, pointwise and sufiZ, (t, w)|) < co.
n

ThereforeZ, is a martingale. Hence it is enough to justify (*).
For everyu € CL%([0, o) x RY) we construct ai € CF*((~oo, 00) X
RY) = CH%(R x RY) as follows. Put

un_>u7

u(t, x), if t >0,
u(t, x) = i .
Ciu(=t, X) + Cou(-3, X), if t < 0;
.0l ou

matchlnga, 5t a t = 0 andu{t, X) andu(t, X) att = 0 anduft, x) and
u(t, x) att = 0 yields the desired constars andC,. In factC; = -3,
C, = 4. (*) will be proved if we obtain an approximating sequence for
0. LetS : R be anyC function such that ifx| < 1,

1, ifix<1
a@:,!m_,
0, if|x=>2

2
X
Let Sn(x) = S(%) where|x? = x4 + -+ + X3,,. Puru, = Syll.

This satisfies (*).
(iv) = (v). Let
h e CHA([0, c0) x RY).

Putu = exph(t, X)) in (iv) to conclude that

t
Mt w) = EXEw) _ f (sX(sw)

0

oh 1

is a martingale.
Put
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t
dh 1
At,w) = exp— [ f 6—5(5, W) + Lsw — (S W) + 5<a(s, W)Vxh, Vihyds|.
0

A((t,w)) is progressively measurable, continuous everywhere and

IAllp.11(W) < C1 € CoT

. dA .
whereC; andC, are constants. This follows from the fact that-| is

uniformly bounded inw. Also sup [M(t,w)| is uniformly bounded in
0<t<T
w. Therefore

E( sup [M(t, w)| [|Alljo,T7(W)) < co.

O<t<T

t
HenceM(t, -)A — fM(s, -JdA(s, -) is a martingale. Now
0

dA(s W) _
A(s,w)

oh 1
- [a—s(s, W) + Lswh(s, w) + §<anh, Vyh)

Therefore

t
dA(s, w)
M(t, w) = &XEtwW) 4 f ghlsX(sw) '
(tw) J e

sX(sw)) dA(s, w)

t
M(t, WA(L, W) = Pp(t, W) + A(t, w) f i o
0

t

t
f M(s.-)dAGS ) = f XM AS W)

0

0
t S dA( )
(o X(ow)) IANT, W,
« [answ [
0 0

Use Fubini’'s theorem to evaluate the second integral on the right
above and conclude thBf(t, w) is a martingale.



109

112 15. Equivalent For of Itd Process

(vi) = (i) is clear if we takeh(t, X) = (0, X). It only remains to prove
that (v)= (vi).

(V) = (vi). The technique used to prove this is an important one and
we shall have occasion to use it again.

Step 1.0 Leth(t, X) = 01X1 + Ox%2 + -+ - OgXg = (6, X) for every ¢, X) €
[0, ) x RY, 6 is some fixed element & Let

t t
<9’Xt>—f<9,b>ds—%f(@,a@)ds}
0 0

We claim thatZ(t, -) is a supermartingale.

Z(t) = exp

Let f : R — R be aC® function with compact support such that
f(xX) = xin |x < 1/2 and|f(X)| < 1, Yx. Putfy(X) = nf(x/n). Therefore
[fa(X)] < CIx for someC independent of andx and f,(X) converges to
X.

Lethy(X) = Z 6 f.(%). Thenh,(X) converges td0, Xy and|h,(X)| <

C’|x| whereC is also independent afandx. By (v),

t
0

is a martingale. A$in(X) converges tdé, x), Zn(t, -) converges t(t, -)
pointwise. Consequently

Zy(t) = exp

E(Z(1)) = E(lim Z,(1)) < lim E(Zn(t)) =1
andZ(t) is a supermartingale.

Step 2.E(expB sup|X(s, w)|) < oo for eacht andB. For, letY(w) =
O<s<t

sup [X(s,w)l, Yi(w) = sup|X(s,w)| whereX = (Xg,...,Xq). Clearly

O<s<t O<s<t

Y <Y1 +---+ Yq. Therefore

E(e®Y) < E(eBY1e%Y2. .. eBYd).
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110 The right hand side above is finite providE¢e®Yi) < o for eachi
as can be seen by the generalised Holder’s inequality. Thus to prove the
assertion it is enough to sho#(eB"i) < oo for eachi = 1,2, ...d with
aB' different fromB; more specifically foB” bounded.
Putg, =0=63=...=06yin Step 1 to get
t t

u(t) = expprXa(t) - f 61b(s, )ds- %95 f aga(s, -)dg

0 0

is a supermartingale. Therefore

(supu(s, )>/l) < =E(u(t) = 1 , YA > 0.

O<s<t

(Refer section on Martingales). Letbe a common bound for bothy
anda;; and letd; > 0. Then §) reads

( sup expd1X1(s) > 1exp@ct + lHzct)) %

O<s<t

Replacinga by
gl gcto1-1/2ct6;

we get

2
(sup exp@lxl(s) > eXp/lﬂl) <e —A01+61Ct+1/207 ct
O<s<t

i.e.
(sup Xi(s) > /l) < @25t g,
O<s<t
Similarly
(Sup ~X1(9) > /1) <e ~A01+01Ct+1/26%tC V6 > 0.
O<s<t
As

{Yi(w) = A} { sup X1(s) = /l} U { sup —X4(s) = /l} ,

O<s<t O<s<t
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we get 111
P{Y; > 1) < 2670t l/20et g, 5

Now we get

E(expBYy) = % f exp(BXY)P(Y1 = X)dx (sinceYy > 0)

2 1
3= fexp(Bx X01 + 61t + cht)dx
<oo, if B<6
This completes the proof of step 2.

Step 3.Z(t,w) is a martingale. For

1Zn(t, W)| = Zn(t, W)

t
hn(X;) — f(a_h” + Lawhn) dx — —f(anhn, Vxhn>d8‘
0

t
(X0 - f sthn}

0

= exp

< exp

(sincea s positive semidefinite angh,/ds = 0).

Therefore |Zy(t,wW)| < Aexp(BsuplX(s,W)l) (use the fact that

ohn 9%,

A% " 0%0X;
result now follows from the dominated convergence theorem and Step
2. |

Remark. In Steps 1, 2 and 3 we have proved that£y)i). The idea of

112 the proof was to expres&(t,-) as a limit of a sequence of martingales
proving first thatZ(t, -) is a supermartingale. Using the supermartingale
inequality it was then shown thaZy{) is a uniformly integrable family
proving thereby thakZ(t, -) is a martingale.
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h h
Step 4. Leth(t, x) € C12([0, co)xRY) such that(t, x), g—s(t, X), g_xi(t’ X),
4%h
aﬁaﬂ
B. Let ¢, be a sequence of real valuée functions defined o9 such
that

(t, X) are all dominated by|x| + 3 for some suitable scalansand

_Jlon|x<n
B Oon|x = 2n

and suppose there exists a common boQridr

00 Pn
A% " 0% 0X;

¢n, (vn)
Let ha(t,x) = h(t, X)¢n(X). By (V) Zn,(t,w) is a martingale. The
conditions on the functioh andg¢,’s show that

|Zn, (t, W)| < Aexp(B sup X(s, W)I)
O<s<t
whereA andB are constants. By Step Zy{) are uniformly integrable.
Also Z, (t, -) converges pointwise tBy(t, -) (sinceh, — h pointwise).
By the dominated convergence theorBqft, -) is a martingale, proving

(vi).






16. It0’'s Formula

Motivation. Let3(t) be a one-dimensional Brownian motion. We haua3
seen that the left integral

= [B%(t,) - B40,") - 1]

t
*) L lz f A(s )dp
0

Formally (*) can be written as

dB2(t) = 28(t)da(t) + dt.

For, on integrating we recover (*).
Newtonian calculus gives the result:

df(a(t) = f'(B(1))dB(t) + %f”(ﬁ(t))dﬁz(t) +oe

for reasonably smooth functiorfsandg. If 8 is of bounded variation,
only the first term contributes something if we integrate the above equa-
tion. This is becausg dg? = 0 for a function of bounded variation.
For the Brownian motion we have seen thatl3> — a non zero value,

but one can prove that dg3, ... converge to 0. We therefore expect the
following result to hold:

1
df(a() ~ ' (BV)ds(t) + > £ (B()d*B().
We show that for a one-dimensional Brownian motion
DB sup@p)*....

117
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all vanish.

a=ty t 13 f b=t

EQ () = E(Z[B(tm) —ﬁ(ti)P] = " El((ti1) - AW
i=0 i=0

114  because(ti;1) — B(ti) is a normal random variable with mean zero and
variancet;,1 — t. Similarly the higher odd moments vanish. Even mo-
ments of a normal random variable with mean 0 and variarcare
connected by the formula

poks2 = 02(2K + Dok, k > 1.
So .
@) = > (Bltiva) - BH))".
i=0

Therefore

EQ (8" = D E(IB(ti1) - Bt))]
i=0

= 3Zn:(ti+1 - )%
-0

the right hand side converges to 0 as the mesh of the partition goes to 0.
Similarly the higher order even moments vanish.
More generally, if3(t, -) is ad-dimensional Brownian motion then
we expect
a%f

1
df(aM) ~ Vi) - dst) + 5 4 mdﬁidﬁj'
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However}, dgids; = 0 if i # | (see exercise below). Therefore

df(B(n) ~ ViB[) - da(t) + %Af(ﬂ(t))dﬁz(t)-

The appearance df on the right side above is related to the heat
equation.

Exercise 4.Check thatdg;dg; = d;;dt. 115
(Hint: Fori = |, the result was proved earlier. ilf# |, consider a
partition 0=ty <ty < ... <ty =t. Let AyBi = Bi(tk) — Bi(tk-1). Then

n 2
E [Z AkﬁiAkﬁj} = ) E(AZBAS) +2 ) ElAB) )]
k=1 k

k#l

the right side converges to 0 as— oo because\s; andA.3; are inde-
pendent fok # £).
Before stating Itd’s formula, we prove a few preliminary results.

Lemma 1. Let X(t,-) € |[b, 0] be a one-dimensional Itd process. Then

t
X(t,-) = X(0, -):fb(s, )ds a.e.
0

t
Proof. exp[pX(t,-) — 6X(0,-) — efb(s, -)dg is a martingale for each.
0

Therefore
t
E(expP(X(t,-) — X(0,-)) — 6 f b(s,-)dg) = constant= 1, Vt.
0
Let .
W(t,-) = X(t,-) — X(0,-) — fb(s Jds
0

Then
E(exp6W(t,-)) = Moment generating function of = 1, Vt.
Therefored(t,-) = 0 a.e. m|
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116  Remark. If X(t,-) € I[0,0] thenX(t,:) = X(0,-) a.e.; i.e.X(t,") is a
trivial process.

We now state a theorem, which is a particular case of the theorem

on pagd_103.

Theorem .1f h € C(]0, ) x RY) such that(i) |h(X)] < AX + B,

¥x € [0, ) x RY, for constants A and i) — oh oh &% also grow
ot ax oxox; 09

linearly, then

exph(t A(t, ) - f (—+ Ah)(sﬂ(s )-= f IVh(s (s )dg

is a martingale.

Ito’'s Formula. Let f € Cé’z([o, 00) x RY) and lets(t, -) be ad-dimensio-
nal Brownian motion. Then

f(LA) - F(0.6(0) = f 0 (sB(s )dsr

0
t

t
1
¢ [HepaNdBs N+ 5 [ ATsAs s
0 0
where
52 52
= ﬁ + -+ ﬁ

Proof.

Step 1.Consider aq + 1)-dimensional process defined by

XO(t’ ) = f(t’ﬁ(t’ ))’



121

We claim thatX(t, -) = (Xo, X1, ..., Xq) is a d + 1)-dimensional I1td-
process with parameters

b= ((;_f + lAf)(sﬂ(s ,0,0,...0[ dterms
and 117
Qo do1 ... Aod
a0
a=
. laxd
ado

where
aoo = [Vx (s B(s ),

aoj = (a—xjf)(s,ﬂ(s, )
For, puth = Af(t, X) + (0, X), X = (X1, ..., Xd4) € RY, in the previous
theorem. Then
c‘)h 8f 8h c‘)f

Therefore we seen that
t

explAf (60t 9) + 0809 - 4 [ (5 + 501 (8ta s

Js
0
1 t 1 t
—Eaz f IVE2(s A(s, ))ds— §|9|2t—4<9, f V(f(sA(s")))d9)]
0 0

is a martingale.
Consider 4, 6)a(3). We have

ajo
}, p=Aaf-.
ado

A

aly

_ |30l + >, @00
p+0
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Therefore

d d
= apd? + 4 ) a0jf + ) a0jfj+
=t =t

A
(1,0)a 9

= VP + zaﬁej + 1612,
(9Xj

118
Thus (*) reads
t 1 t
SXPRT(LAC ) + 0. ) - 1 [ bols )ds- 5 [(a.andg
0 0
is a martingale where = (1,0) € R4, This proves the claim made
above.

Step 2.Derineo(s,-) = (1, -V (s B(s,-))) and let
t
Z(t,-) = f(g(s, ), dX(s,-)) whereX ~ (Xo, X1, ..., Xq)
0

is the @+ 1)-dimensional Itd process obtained in Step 1. SiheeCl?,
Z(t,-) is an Itd process with parametéis, b) andoac™:

of 1
by = 2L 4 ZAf,
b =55+3

. _lao p|] 1
=3 1|
0

_[a00= 0, Vx| _|©
- p*_vxf .

0

Thereforeocac™ = 0. Hence by Lemm@ 1,

t
Z(t,) - 2(0,") - f (o, byds= O(a.e.)
0
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t t
2(t,) = f dXo(9) - f (VE(sA(s ). dB(S )
0 0

t
= f(t.5(1)) - £(0.5(0)) - f(Vf(f,,B(S, ). dB(s. )
0

119
HenceZ(0) = 0. Thus

t
F(LA() - F(0.5(0)) - f (VS B(s )dB(S )

t
f(— . lef)(sﬂ(s )ds=0ae.
0

This estabilished Itd’s formula.

Exercise.(Ité’s formula for the general case). Let
#(t, X) € CoA([0, 00) x RY).

If X(t,-) is ad-dimensional Itd6 process corresponding to the param-
etersb anda, then the following formula holds:

(L, X(t, W)) - ¢(0,X(0, W))

t
_ (9
‘fa (s, X(s X)ds+ f<vx¢ dX) + = fZa,a)anJ

0

This is also written as
¢
dx
3&3&

1
dg(s X(s W) = peds+ (Vxp.dX) + 5 ) aj

To prove this formula proceed as follows.
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() Takeh(t, xX) = A4(t, X) + (0, X) in (vi) of the theorem on the equiv-
alence of Itd process to conclude that

Y(t ) = (¢t X(t. ), X(t )

is a d + 1)-dimensional Ito process with parameters

b = ((Z—f + Lswo, b)
120 and
(aVxo, Vxd), aVyeo
A~ 1x1 1xd
aVyo a
dx1 dxd

(i) Let o(t,X) = (1, —Vxe(t, X)) and
t
2. = [(o(s X(s ). d¥(s ).
0
The assumptions animply thatZ is an Itd process corresponding

to )
9 1 ¢
A ) |
at " 2 2% 5xax; )

(o, by, cAc™) = (

(i) Use (ii) to conclude that
t
Z(t,-)zf(o:b’)ds a.e.
0

This is Itd’s formula.

(iv) (Exercise) Verify that 1td's formula agrees with the formula ob-
tained for the case of Brownian motion.

Note. Observe that Itd’s formula does not dependoon
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Examples. 1. LetB(t) be a one-dimensional Brownian motion. Then

d(e'p(B(1) = €da(B(1)) + ¢(B(1))d(e")
= €¢/(B(1))dB() + ¢(B())e dt+

+ %(ﬁ”(ﬂ(t))etdt.

2. To evaluatel(ek VES syt g(t))) whereV is a smooth function, 121

put
t
_ _ _| 0 |_|n
Xolt, ) = Of V(B(s ))ds b [V((t’_))] [bz]
a= [é 8]. Let Xa(t, ) = B(t.). X = (X0, X2).
Then

t
expiXu(t, -) — 62Xa(t, 1) — 61 f b1(X(s -))ds
0

t t
1
~ 62 [ balX(s s > [ can.0)d9

62,
exppuXa(t ) - —-1l;
the right side is a martingale. Therefobg (X,) is a 2-dimensio-

nal Itd process with parametebsand a and one can use It’s
formula to write

d (eb VO (1)) = d (€90u(t. A1)
—eb VW(S'»%u(t, BO)dtr

ok V(ﬁ(s-))dt% u(t, )d(t) + eb VESDISy(E p(t))dXo
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1 Vs yds?
+ 2e 0 e u(t, B(t))dt

= eh V(ﬁ(s'))dt%u(t, B(t)dt + %u(t, B(9)d(t) + %;—;u(t, B(t))dt
+U(t, BV (AL, -)dt].

122 3. Letoy, fi,i =1,2,...kbe bounded and progressively measurable
relative to a one-dimensional Brownian motidp, (%, P). Write

t

t
Xi(t, ) = f oi(s )dB(s ) + f f(s )ds
0

0

t
ThenXi(t, -) is an Itd process with parametets (s, -)ds o?) and
0

(X1, ..., X) is an Itd process with parameters

t t
=| | fu(s)ds..., | f(s-)d S] ,
[rm

A= (AU) WhereAij = 00 j0jj.
If ¢ = o(t, X1(1) ..., Xk(t)), then by I1td’s formula

dp = s+ ¢dX ;. ¢dxk
0s
1 )
+ = E O-io-jéij—C')XiC')Xj ds

3¢ O O
X1 X
ds+ 3 1d + - a —dXy
k
l
2%
Exercise.Takeo1 = 1,0 =0, f; = f, = 0 above and verify that if

¢ = €Myt A1),

then one gets the result obtained in Example 2 above.
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We give below a set of rules which can be used to calcudaten
practice, wherg is as in Example 3 above.

1. With eachdB associate a terny(dt)

2. If ¢ = o(t, Xq,...,Xy), formally differentiate¢ using ordinary 123
calculus retaining terms upto the second order to get

) A ¢ 1 ¢
* —_ — — .« .. — — — . .
(*) d¢ = 50 dt + axldX1+ + 3 Xy + > %, dXidX;

3. Formally writedX = fidt + @;dB;, dX; = o7jdB; + fjdt.

4. Multiply dXdX; and retain only the first order term it., For
dsids; substitutes;jdt. Substitute in (*) to get the desired formula.

Illustration of the use of It® Calculus.We refer the reader to the sec-
tion on Dirichlet problem. There it was shown that

u(x) = f u(y)r(x, dy) = E(u(X(7)))

G

satisfiesAu = 0 in a regionG with u = u(X(t)) on the boundry ofs
(herer is the first hitting time).

The form of the solution is given directly by 1td’s formula ifhvout
having recourse to the mean value property)u K u(X(t)) satisfies
Au = 0 then by Itd’s formula

du(X(t)) = (Vu, dX).
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Therefore

t
u(X(t)) = u(X(0)) + f (Vu(X(s)), dX(s))
0

124
AssumingVu to be bounded, we see thgiX(t)) is a martingale. By
the optional stopping theorem

E(u(X(7)) = u(X(0)) = u(x).

Thus Ité’s formula connects solutions of certairffeliential equa-
tions with the hitting probabilities.



17. Solution of Poisson’s
Equations

LET X(t,-) BE A d-dimensional Brownian motion with¢), .%;, P) as 125

usual. Letu(x) : RY — R be such that%Au = f. Assumeu € CZ(RY).
t
ThenLgwu = %Au = f and we know thau(X(t, ) — f f(X(s -))dsis

0
a (Q, %, P)-martingale. Suppose now thafx) is defined only on an
1 . .
open subse® c RY and EAU = f on G. We would like to consider

t
Z(t,) = UX(t. ) - f F(X(s ))ds
0

and ask whethef(t, ') is still a martingale relative toCl, .%#;, P). Let
7(w) = inf{t, X(t,w) € 0G}. Put this way, the question is not well-posed
because(t, -) is defined only upto time(w) for u is not defined outside
G. Even if at a tima > 7(w)X(t,w) € G, one needs to know the values
of f for t > r(w) to compute the integral.

To answer the question we therefore proceed as follows.AlL et
[w: r(w) > t]. AstincreasesA; have decreasing measures. We shall
give a meaning to the stateme#t, -) is a martingale o;’. Define

TAL
Z(t.) = uX(r At ) - f F(X(s ))ds
0

129
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130 17. Solution of Poisson’s Equations

Therefore

7t = Z(1), on A
" Z(r, ), on (A)C.

SinceZ(t,-) is progressively measurable upto timeZ(t, -) is .Z-
measurable.

Theorem .Z(t, ) is a martingale.

Proof. Let G, be a sequence of compact sets increasing such that
G, C Gg+1. Choose &* function ¢, such thatp, = 1 on G, and

1
supportp, c G. Putuy = ¢pu and f, = EAU”' Then

t
Zo(t,) = Un(X(t, ) - f f(X(s ))ds
0

is a martingale for each. Put
T = inf{t: X(t,-) ¢ Gp}
ThenZ,(th A t,-) is also a martingale (See exercise below). But
Zo(tn At) = Z(th A ).

ThereforeMp(t,-) = Z(mh A t,-) is a martingale. Observe that <
Th+1 @nd sinces, 1t G we havery, 1 7. ThereforeZ(thAt) — Z(TAt) (by
continuity); alsoMn(t, )| < [lUlles + || flleot. ThereforeZ(r A t) = Z(t, ")
is a martingale. O

Exercise.If M(t, ) is a Q, ., P)-martingale, show that for my stopping
timer, M(r A t,-) is also a martingale relative tg#).
[Hint: One has to show that tp > t;,

fM(T A to, w)dP(w) = fM(T A t1, WAP(W), YA € F, .
A A
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The right side=

M(t1, w)dP(w) + f M (7, w)dP(w).

AN(r>t1) AN(r<ty)

127 The left side
= f M(to, w)dP(w) + f M(r, w)dP(w).
AN(r>t1) AN(r<ty)

Now use optional stopping theorem].

Lemma . Let G be a bounded region andbe as above. Then&r) <
00, ¥X € G, where E = EPx,

Proof. Without loss of generality we assume tiais a sphere of radius

2 _ y2
R. The functionu(x) = R —IX

the previous theorem

1 .
> 0and satlsfleséAu =-1inG. By

TAL
U(X(T/\t,-)+fd$
0

is a martingale. Therefore
Ex(U(X(T A t,-))) + Ex(r A t) = u(X(0)) = u(x).

ThereforeEx(r A t) < u(X) (sinceu > 0). By Fatou’s lemma, on
lettingt — oo, we obtainEx(r) < u(X) < 0. Thus the mere existence of

au satisfyingEAu = 1 helps in concluding theEy(7) < co. i
Theorem .Letue Cg(G) and suppose that u satisfies
1
* —Au=fi
* > u in G,
u=gondG.

Then §x) = Ex[qg] — EX[fT f(X(s,-))dd solves (*).
0



128

132 17. Solution of Poisson’s Equations

Remark. The first part of the solutimi(x) is the solution of the homo-
geneous equation, and the second part accounts for the inhomogeneous
term.

TAL

Proof. DefineZ(t,-) = uX(r At)) - [ f(X(s-))ds ThenZis a mar-
0

ﬂngale. Also|Z| < |lulle + 7l flle. Therefore, by the previous Lemma,
Z(t,-) is a uniformly integrable martingale. Therefore we can equate the
expectations at time= 0 and at tim& = oo to get

W) = Ex(g) - Exl f F(X(s ))dd.
0



18. The Feynman-Kac
Formula

WE NOW CONSIDER the modified heat equation 129
ou 1
*) a—‘t‘ +ZAUHVOQUEL Y =0 O<ts<T,

whereu(T, X) = f(X). The Feynman-Kac formula says that the solution
for s< T is given by
) U(s X) = Eqx(eh VOOISE(x(T)).

Observe that the solution at tinselepends on the expectation with
respect to the process starting at tise

Note. (**) is to be understood in the following sense. If (*) admits a
smooth solution then it must be given by (**). We shall not go into the
conditions under which the solution exists. Let

Z(t, ) = u(t, X(t, ))els VX)) ¢ g

By Ito’s formula (see Example 2 of sectibnl 16), we get
t

Z(t)=2(s ) + f el VO (72, X(1)), AX()),
S

provided thatu satisfies (*). Assume tentatively th& and Vu are
bounded and progressively measurable. THé@n-) is a martingale.
Therefore

Esx(Z(T, ) = Ez2x(Z(s. ),

133
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or .
Eex(U(T, X(T)))els VX7 (5 ).
This proves the result.

130 We shall nhow remove the conditio, is bounded and prove the
uniqueness of the solution corresponding to (*) under the assumption
thatV is bounded above and

u, x) < e a<2, on [sT).

In particular, the Feynman-Kac formula extends the uniqueness the-
orem for the heat equation to the class of unbounded functions satisfying
a growth condition of the form given above.

Let ¢ be aC* function such thap = 1 on|X| < R, and¢ = 0 outside
X > R+ 1. Putugr(t, X) = u(t, X)¢,

Za(t, X) = Ur(t, x)ek VX(@)do),
By what we have already provedk(t, ) is a martingale. Let
TR(w) = inf{t : t > sw(t) € S(O;R) = {|X < R}}.
ThenZg(t A 1R, -)) is also a martingale, i.e.
IATR V(X d
UR(E A 7R, X(E A TR, el V(X(@)dr

is a martingale. Equating the expectations at ttraes and timet = T
and using the fact that

UR(t A TR, X(t A TR, ) = U(t A TR, X(t A TR, -))),
we conclude that
U(S.X) = Equ[U(Tr A T X(rR A T, ))ele ™ V(X(9)dsy
= Esx[X(rraT) f(X(T))efsT V(X(9)ds 4

TfRV(X(s))ds
+ Esx[ Xgrem)U(TR, X(zg)€5
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131
Consider the second term on the right:

|Esx[Xrr<T)U(TR, X(TR))efs : V(X(S))ds] |
<APR<T]

(whereA' is a constant given in terms of the constaitand T and the
bound ofV)
= APl sup X(0) = R].

S<o<T

P[ sup [X(c)| = R] is of the order ofe“MF and sinceax < 2, the
S<o<T
second term on the right side above tends to Ras . Hence, on

letting R — +o0, we get, by the bounded convergence theorem,

U(s, X) = Esx[ F(X(T))els VOx(o)ds)

Application. LetA(t, -) be a one-dimensional Brownian motion. Recall

(Cf. Reflection principle) thaP{ sup |3(s)| < 1} is of the order offe—
O<s<t T
2

2 2 2
of the factor— in the exponent. First observe thﬂ%{ =5 whereA is

the first positive root of Cos = 0. Let
7(w) = inf{t : |B(t)] > 1}.

Then
P{sup|B(s ‘)| <1} = P{r > t}.

O<s<t

Let ¢(X) = Ex[€""], 1 < 0. We claim that satisfies

1 44
) 50 +16=0. X<1
¢=1 [X=1

t . .
%. The Feynman-Kac formula will be used to explain the occurance

132
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Assumey to be stfficiently smooth. Using Ité’s formula we get

d(e"¢(8(t)) = €"¢'(B()AB() + [6(B(1) + %¢”(ﬁ(t))] e'ldt

Therefore

t
e"¢(B(1)) — ¢(8(0)) = f &% (B(9))dB(s)+
0

t
+ [11069) + 56BN ds
0

t
(1)) - #(5(0)) - f [16(B(s)) + %cb”(ﬂ(s))]eﬂsds
0

is a martingale. By Doob’s optional sampling theorem we can stop this
martingale at time, i.e.

tAT

e WIP(B(t A 7)) ~ HB(0)) - f [0(B(S) + 50" (B(Se™ds
0

is also a martingale. Butf@a <t A T,
1
Ao+ =¢” =0.
¢ 2¢

Thus we conclude that(8(t A 7))e'™Y is a martingale. Sincg <
0 and¢(B(t A 7)) is bounded, this martingale is uniformly integrable.
Therefore equating the expectationtat 0 andt = o we get (since
$(B()) = 1)
¢(x) = Ex[e"].

By uniqueness property this must be the solution. However (*) has

a solution given by
_ Cos(y/(21x))

0= Costy2n)
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Therefore

1

1) Eole'] = Cost/21)

(1<0)

If F(t) = P(r > t), then
f e'dF(t) = Eg(e™).
0

A theorem on Laplace transforms now tells us that (1) is valid till
2

1 T
we cross the first singularit . Thisoccursafi = —. B
Qularty & osw2n) g
the monotone convergence theorem

Eo[ernz/S] = +o0

o0 2 2
Hencef e'dF(t) converges fonl < % and diverges fonl > %
0
2

Thus% is the supremum of for which feﬂtdF(t) converges, i.e. sup
0

[A : Eo(e')] exists, i.e. the decay rate is connected to the existence or
the non existence of the solution of the system (*). This is a general
feature and prevails even in higher dimensions.






19. An Application of the
Feynman-Kac Formula. The
Arc Sine Law.

LET §3(t, -) BE THE one-dimensional Brownian motion wi0, -) = 0. 134

Define
t

\[mmm@mms

0

&(w) =

~l

&(w) is a random variable and denotes the fraction of the time that a
Brownian particle stays above tkxeaxis during the time interval [@].
We shall calculate

Plw: &(w) < a] = Fy(a)
Brownian Scaling. Let X;(s) = it,B(ts). ThenX; is also a Brownian

motion with same distribution as that gfs). We can write

1
am=j&mmmmmws
0

The &(w) = time spent above thg-axis by the Brownian motion
Xi(9) in [0, 1]. HenceF(a) is independent of and is therefore denoted

139
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by F(a). Suppose we succeed in solving fofa); if, now,

t

£w) = f X0y (B(S)dS = té:

0

then the amount of timg(s, -) > 0in [0, t] is t (amount of timeX(s) > 0
in [0, 1]). Hence we can solve fd?[&;(w) < a] = G(a). Clearly the
solution ofG; is given by

Gi(a) = F(a/t).

It is clear that

if
Fa) = 0 | a<o,
1 if a>1

Hence it is enough to solve féi(a) in0<a < 1. Let
Ua(t, X) = Exe @ Xom(Bsm)ds)

Then
1

uy(t, 0) = E[e*")] = f e *dF(x).
0
Also note thatu,(t, X) is bounded by 1, ift > 0. By the Feynman-
Kac formula (appropriately modified in caly is replaced by—%A)
Uy (t, X) satisfies

@— }@—u x>0
*) ot 20x2 ’ ’
144 0

T 20x2° =5

andu(0,x) = 1. Let
Pa(X) = afu(t, e dt, «>0, where u=u,
0
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(o)

= f u(t, X)(-de™).
0

A simple integration by parts together with (*) gives the following
system of ordinary dierential equations fag,,:

1

- Eq&(’{ +(@+ gy, =a, x>0,
l 44

- §¢" + ag, = @, X< 0.

These have a solution

$o(X) = %L + AgVR+1) 4 gexV2e+D) x5,
a

=1+CeV@) L pgV@)  y

136
Howeveru is bounded by 1 (see definition of(t, X)). Thereforep,
is also bounded by 1. This forcds= D = 0. We demand that, and

c(l;i;, should match ax = 0. (Some justification for this will be given

later on).
XI_—})_'_ ¢a(x) = Xl—)(t)_ ¢a(x)
gives
a

—— +B=C+1.
1+a/+ *

Similarly we get—B+/(2(a + 1)) = C+/(2«) by matching%. Solv-
ing for B andC we get

B= Va
1+ o)W + V(o + 1))
C= 1 .
V(1 + &) + V(e + 1))
Therefore
@ Va

¢a(0):a+l+B:\/(a/+l)’
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(&9

e oty N@
fE[e ©oe t]dt_\/(a+1)'

0
Using Fubini’'s theorem this gives

E ]_\/(a/+1

or

El

B . dF(x) 1
1+§/a] \/(1+ (1/a/) e f1+yx V@ +y)
0
137
This can be inverted to get

2 dx
RRRECEE)

(Refer tables on transforms or check directly that

1

gf 1 x 1
7y LBV -X) - V(L+5)

by expanding the left side in powers @#)( Therefore
F(a) = 2 acsin (a), O<acx<l
T
HenceGy(a) = 2 arcsin (y(2)), 0<a<t, i.e.
2 . a
Pl&c<al == arcsin (\/(Y)), O<ac<t.
T

This result goes by the name afc sine lawfor obvious reasons.
We now give some justification regarding the matching conditions
used above.
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The equation we solved was
1 ’’
ag - 54" + Vo = f

where¢ was bounded/ > 0. Suppose we formally use Itd’s formula to
calculate

d(¢(ﬂ(t)e‘ b (@+V)(B(s)d9)

= & B 1o at+ S (a()dso)

(see Example 2 of Itd’s formula). Therefore
t S
(@) = o6t e b | Cips yexpt- [ @+ Vidods
0
0

is a martingale. Since, f are bounded and > 0O, 138

(o)

1Z(t, ) < ll¢lloo + 11 flleo fe“’sdss lI$lleo + ClI fllco-
0

ThereforeZ(t, -) is uniformly integrable. Equating the expectations
at time 0 and» gives

(o)

() $(0) = Eo f[f(ﬂ(s .))e—aS—fOsV(ﬁ(o-)dg-)]dS

0

This is exactly the form obtained by solving thefdiential equa-
tions. In order to use Itd’'s formula one has to justify it. If we show
that 1td’s formula is valid for functions having a discontinuity in the
second derivative, (*) will be a legitimate solution and in general there

is no reason why the second derivatives (or higher derivatives) should be

matched. This partially explains the need for mathr@dS—‘i only.
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144 19. An Application of the Feynman-Kac Formula....

Proposition . Let 3(t,-) denote a one-dimensional Brownian motion.
Suppose € Ci and satisfied

ap — }¢” +Vo = f,
2
Then

t
o(B(V) - f F(B(9)ds
0

is a martingale.

Proof. Let (¢¢) € CZ such thatwg, — 3¢ + V¢ + Vo = f. and such
that (i) ¢ converges t@ uniformly on compact sets, (ig). converges to
¢’ uniformly on compact sets, (ii))’ converges pointwise i@’ except
at 0. We may suppose that the convergence is bounded. O

Claim. f fe(B(s))ds converges tgf f(8(s))ds a.e.As f.(8(s)) converges

to f(ﬁ(s)) except whers(s) = 0, |t is enough to prove that
(*) P[w: Lebesgue measurs (5(s) = 0) > O]= 0. Let Xq denote
the indicator function of0}. Then

t t

€ [ Xo(s)ds= [ Exo(s(9)ds=0

0 0

Thus (*) holds and establishes the claim. Now

t
6:(B(V) - f f.(B(9)ds
0

is a uniformly bounded martingale converging to

t
o(B(D) - f f(B(9)ds
0
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Therefore

t
S(B(D) - f f(8(9)ds
0

is a martingale.






20. Brownian Motion with
Drift

LET Q = C[0, o;RY], .# = BOREL o-FIELD of Q, {X(t,-)} = Brow- 140
nian motion,.%; = o[X(s,-) : 0 < s < t], Px = probability measure

on Q corresponding to the Brownian motion starting at time xat

F = a(tyO%). Letb : RY —» RY be any bounded measurable funci-

ton. Then the maps(w)| — b(w(s)) is progressively measurable and
t t
1
2(.) = expl [ (B(X(s. ). dX(s ) - 5 [ Io0X(s )P
0 0

is a martingale relative ta), ., Py). DefineQ, on.%# by

(A = f Z(t, )dPy.

A
i.e. Z(t, ) is the Radon-Nikodym derivative @', with respect tdPy on
Fr.
Proposition . (i) Q! is a probability measure.
(i) {Q% :t > 0}is a consistent family ong%, ie.if Ae %, and
t, > t; then QL(A) = QL2(A).

Proof. @ being an indefinite integral, is a measure. Sid¢e-) > 0,
QL is a positive measureQ'(Q) = Ex(Z(t,-)) = Ex(Z(0,-)) = 1. This
proves (i). (ii) follows from the fact thak(t, -) is a martingale.

147



148 20. Brownian Motion with Drift

If Ae %, we define

Qu(A) = Q.

141 The above proposition shows th@y; is well defined and since4;)
is an increasing familyQy is finitely additive onlJ .%;. O
=0

Exercise.Show thatQy is countably additive on the algebta .#:.
t=0
Then Qy extends as a measure #6 = o(|J #). Thus we get a
t=0
family of measure$Qy : x € RY} defined on Q, .%).

Proposition . If s < t then
Qx(Xt € ALZs) = Qx(X(t—95) € A) a.e.

Definition. If a family of measure$Qy} satisfies the above property it
is called a homogeneous Markov family.

Proof. Let B € .Zs. ThereforeB n X;(A) € .%; and by definition,

QUX(H) € AN B)) = f 2(t, )dP,

BNX X(A)
EPZ(t W& xa(X(t, )

- EPEP (32 WK N7
2(.)

— EPx Px
= EP(lrsZ(s NE™ (513

XAl (- DIFs)

(sinceB e FsandZ(s, ) is #s-measurable)

Z(t, )

j— QX PX
®  =E%E (Z(s)

XAl (t )IFs)] -

t
= E [y (expl f CE f IPLACK(E )17
s 0
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t-s t-s
= E&[ygE™O (exp[ f <b,dx>% f IbP]Xa(X(t = 9))]
0 0

(by Markov property of Brownian motion)

~ dQ s
= E%(yERG (ralr(t - 9)) (since— = z(t- s ")

= EX(XeE¥Oxa(X(t-s)

O 142

The result follows from definition.

Letb : [0,00] x RY — RY be a bounded measurable functidt,y
the probability measure corresponding to the Brownian motion starting
at timesat the pointx. Define, fort > s,

t
Zs(w) = exp[ f (b(or, X(o, W)), dX(o, w))

t
_% f Ib(er, X(cr, w))2do]

Exercise. (i) Zs:is a martingale relative to%;>, Psx).
(i) Define QL by Qix(A) = [ ZsdPsx, YA € &,
A
Show thatQt&X is a probability measure of,’.
iy Qi is a consistent family.

(iv) Qsx defined onyJ FE by Qsx.F = QL is a finitely additive set
>S
function which is countably additive.

(v) The family {Qsx : 0 < s < oo, x € RY} is an inhomogeneous
Markov family, i.e.

Qsx(X(t,) € ALF7) = Qux)(X(t,) € AL Vs< o <t Ae F.
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[Hint: Repeat the arguments of the previous section with obviau4s
modifications].

Proposition . Lett be a stopping timer, > s. Then

Qsx[X(t,-) € ALZS] = Qrx,()(X(t,-) € A) ont(w) < t,
= xa(X(t,-)) ont(w) > t.
Proof. Let B € %2 andB c {r < t} so thatB € .Z".
E%*(xera(X)) = EP*(Zstraya(X)
= EPS[EP (ZeZsoxmra(X)L.77)]
(sinceZ satisfies the multiplicative property)
= EP(Zs o 8EPH(Zrx aCOLFY)]

(sinceZs; is .#2-measurable)

*) = EP[Z5: XgEP " (Zeara(X)]

(by strong Markov property).

Now
dQS,X
dPS,X
so that the optional stopping theorem,

dQsx
d PS,X

= Lst.

gZS
F

73 =Zs on {r<t}, ¥x

144 Putting this in (*) we get
B9 Xaxa(X)] = B™[ZsrxgE ™),

Observe that
xBE (ya(X0))
is .#>-measurable to conclude the first part of the proof. For part (ii)

observe that
XFHAn{r=tinfr <k
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isin.Z2if k> s, so that
XA N>ty e 5
Therefore
E® (X € AN (r 2 O)IF7) = xa(Xxirat:

or
EQSX[(Xt € ALFS] = xalXr) if 7>t

O

Proposition . Let b: [0, ) x RY — RY be a bounded measurable func-
tion, f:RY 5> R any continuous bounded function. If

0 1
—u+—Au+(b(s,x),Au> =0, 0<sc<t,

Js 2
ut,x) = f(x)

has a solution u, then

usx) = | F(X)dQsx.
/

Remark. b is called thedrift. If b = 0 ands = 0 then we recover the145
result obtained earlier. With the presence of the drift term, the result is
the same except that insteadRfx one has to us€sy to evaluate the
expectation.

Proof. Let
Y(o,-) = f (b(8, X(8,-)), dX(0,-)) — % f Ib(6, X(6, -)|>d6.
S S
Step 1.(X(o, -)=X(s,-), Y(0, -)) is a d+1)-dimensional Itd process with

parameters
(0,0,...,0, —%Ib(a’, X(o, )P and
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dterms
a- |(i><d bdxl]
blxd b

LetA = (4,...,4q). We have to show that

expluY + % f Ib(cr, X(cr, )2dor + (A, X(c, -) = X(S, ))—
S

o
-5 [+ 2utab+ ot e
S
is a martingale, i.e. that
o o
Pl X0 ) - X(8 ) + 4 [ (0.~ 5 [+ buPcp]
S S
is a martingale; in other words that
exp[ f (A + by, dX) — % f 1A + bul’dp]
S S
146  is a martingale. But this is obvious because
Z(o,-) = f(/l + ub, dX)
S

is a stochastic integral and hence an Itd process with parametgrs-(0
ubl?). (Refer to the section on vector-valued Itd process).

Step 2.Put¢(o, X(o, -), Y(0, -)) = u(o, X(o, -))e"@). By Itd formula,
7r2¢
(925(921' ’

ou 1
_ Y Y Y = .
dgp =e atdt+e (Vu,dX) + ue dY+2 g ajj
wherez = (x,y), or

de = eY[%dt +(Vu, dX) + u(b, dX) — '%lblzdt + %Vudt + (b, Vuydt+
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+%u|b|2dt]
= e"[(Vu, dX) + w(b, dX)].

Thereforey is an 1td process and hence a martingale. Therefore

E(s(t.)) = E(s(s )

Y(b,dX)—3 (b
W(s ¥ = P Foxpe

= EQ[F(XM))],

which proves the theorem.

Alternate Proof. 147

Exercise .Let Y(o, ) be progressively measurable for > s. Then
Y(o,-) is a martingale relative toQsx, %) if and only if Y(0)Zs. is
a martingale relative toRsy, .-7°).

Now for any functiord which is progressively measurable and boun-

ded,
t 1 t
exp[ f 0,d%) - 5 f 161°dor]
S S

is a martingale relative tqX, .72, Psx). In particular letd be replaced
by 6 + b(o, w(o)). After some rearrangement one finds tiats an 1td
process with parametebs | relative toQsx. Therefore

t

u(t, X;) —f(g—; + (b, Vu) + %Vu) do
S

is a martingale relative tQsx. But

ou 1
e + (b, Vu) + EVU =0.



148

154 20. Brownian Motion with Drift

Therefore
EQsx(u(t, X(t)) = u(s, X).

We have defined)syx by using the notion of the Radon-Nikodym
derivative. We give one more relation betwdeandQ.

Theorem .Let T: C([s, ), RY) — C([s, =), RY) be given by
t
TX=Y where Yt)=X(t)- f b(or, X(c))dor.
S

(b is as before). Then
Qs’xT_l = Ps’x.

Proof. DefineY(t,w) = X(t, Tw) whereX is a Brownian motion. We
prove thatY is a Brownian motion with respect Qsx. ClearlyY is
progressively measurable becalsis (% — %;)-measurable for every
t,i.e. T"1(%) c % andX is progressively measurable. Clea¥t, w)
is continuousY w. We have only to show that(tz) — Y(t1) iS Qsx-
independent of#$ and has distributioN(0; (t2 — t1)I) for eacht, >
t; > s. But we have checked that

t
exp[(d, X; — X) — %|9|2(t -9 - f (6, bydo]

is a martingale relative tQsx. Therefore
Qsx aS 1 2
E~sx(expd, Y, — Vi)l F4,) = eXp(EIGI (tz —t)),

showing thatv;, - Yy, is independent of#® and has normal distribution
N(O; (t2 — t1)l). ThusY is a Brownian motion relative tQs . Therefore

QSXT_l = Ps>x.



21. Integral Equations

Definition. A functionb : RY — RY is said to be locally Lipschitz if 149
given anyxy € RY there exists an open sB containingxo such that
bly, is Lipschitz.

Exercise 1.bis locally Lipschitz if bk is Lipschitz for every compact
setK i.e. iff bk is Lipschitz for every closed spheke

Exercise 2.Every locally Lipschitz function is continuous.

Theorem .Let b: RY — RY be locally Lipschitz and X [0, ) — R
continuous. Then

(i) the equation
t
Y(t) = X(t) + f b(Y(9)ds (x)
0

has a continuous solution nefri.e. there exists aa > 0 and a
continuous function Y [0, €] — R? such that the above equation
is satisfied for all t i[O, €].

(i) (Uniqueness) If ¥, Y, are continuous solutions of the above equa-
tion in [0, T], then

Y1=Y2 on [O,T].

Proof. (ii) (Uniqueness) Letf (t) = [Y1(t) — Ya(t)|. As Yy, Y, are con-
tinuous, there exists B > 0 such thafY,(t)], |Y2(t)] < k for all t in

155
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156 21. Integral Equations

[0, T]. ChooseC such thatb(x) — b(y)| < C|x—y] for |x, |yl < kand
t

C sup f(t). Thenf(t) < Candf(t) < Cf f(s)dsso thatf(t) < (%,)n for
O<t<T 0 '
alln=1,23,.... ThusYy(t) = Yo(t), proving uniqueness.
(i) (Existence) We can very well assume th§0) = 0. Leta =
inf{t : I X(t)| > 1},

M > sup|b(X)| : [X <2}, a =inf{a, %},

C # 0, a Lipschitz constant, so thig(x) — b(y)| < C|x —yj for all |x,
Iyl < 2. Define the iteration¥j, Y1, ... by

t
Yo = X®),  Yoea(®) = X(O) + f b(Ya(9)ds
0

for all t > 0. By induction, eaclY, is continuous. By induction again,

[Yn(t) — X(t)] < Mtforall n, 0 <t < a. Again, by inductionYy,1(t) —
n+1

Yol < &2 for 0 < t < a. Again, by inducitonYn,1(t) - Ya(t)l <

%((ﬁ?;),l for 0 < t < a. ThusYy(t) converges uniformly on [&] to a

continuous functiorY(t) which is seen to satisfy the integral equation.
mi

Remark. Let X : [-6,c0) — RY be continuous wheré > 0. Then a
similar proof guarantees that the equation (*) has a solution-é)€
for somee > 0.

Define B(X) = suft : (x) has a solution in [X]}. The theorem
above implies that & B(X) < co. B(X) is called theexploding time

Remark . If b is, in addition, either bounded or globally Lipschitz,
B(X) = o for every continuous : [0, ) — RY.

Example.Let b(y) = y?, X(t) = 0. The equation

t
Y(t) = %o + f by(9)ds
0
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with Xg > 0 has a solution

1 1

Y(t) = , Vi< —;
® t X0

1

Xo

the solution explodes at= x;*.

Proposition . If

B hen Lt D) = .
W) <o, then Lt (O] =+oo

Proof. Suppose that _lim|yl = R < . Let (t,) be a sequence increas-
t—B(w)

ing to B(w) such thaty(t,)| < R+ 1, Vn. Let
Tn = inf{t >ty 1 IY(t) — Y(—n)l = 1}.
Then

1= |y(Tn) = y(tn)l
< W(tp) — W(tn)| + (7n — tn) suplb()| . .., (1)
A € S(y(tn), 1).

Since () is bounded, we can choose a constiginsuch that
IW(th) — w(t)| < % if [t—ty <M.
Then using (1),
Tn —tn > inf{M, (2supb())™> where A e S(Y(tn); 1)
Therefore
T — tn > inf(M, (2 supb(1))) ™1, 1 € S(O; R+ 2)) = a(say) n.

152
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Chosen such thatr,, > B(w) > t,. Theny is bounded int,, B(w)]
and hence it is bounded in,[B(w)). From the equation

t
y(t) = X(t) + f biy(9)ds
0

one then gets thatlt B(L)ty(t) exists. But this is clearly a contradiction
—B(W,

since in such a case the solution exists ing@v) + €) for suitablee,

contradicting the definition dB(w). Thus

lim |y(t)] = +oo
t—B(w)

and hence
lim t)| = .
: JB(W)M)' +00

O

Corollary . If bis locally Lipschitz and bounded, therfXB = oo for all
X in C([0, o), RY).

Proof. Left as an exercise. O

Proposition . Letb: RY — RY be locally Lipschitz and bounded. Define
T : C([0, ), RY) — C([0, ), RY) by TX=Y where

t
Y() = X@®) + | b(Y(9)ds
/

Then T is continuous.

Proof. Let X, X* : [0,00) — RY be continuousK > 0 be given.
Let Yo, Y1,..., Y5, Yy, ... be the iterations foK, X* respectively. Then
[Ya(t) — X(t)] < K|bll.o for0<t<K,n=0,1,23,..., so that we can
find R such thatYy(t)l, Ya(t)l < RforO <t <k, n=20,12,..., Let

C > 1 be any Lipschitz constant for the functibron|x| < R. Then

M0~ Y301 = sup (0 - 011+ ot

O<t<K
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(Cy"
n!

+oee ) for 0<t<K, n=0123,....
A b is bounded,Y,, converges uniformly tor on [0, K]. Letting
n — oo, we get

sup [(TX)t = TX)t < € sup |X(t) = X*@t)l, ... (2)
O<t<K O<t<K

wherec depends on supX(t)], sup [X*(t)]. The proof follows by (2).
O<t<K O<t<K
i






22. Large Deviations

LET P. BE THE Brownian motion starting from zero scaled to Browns4
. . . A .
ian motion corresponding to the operakeéf. More precisely, let

erf2]

whereP is the Brownian motion starting at time 0 at the point O.

Interpretation 1. Let {X; : t > O} be Brownian motion withX(0) = x.
LetY(t) = X(et), YVt > 0. ThenP, is the measure induced by the process
Y(t). This amounts to stretching the time or scaling time.

Interpretation 2. Let Y(t,-) = +eX(t,-). In this case alsd. is the
measure induced by the proceds, -). This amounts to ‘looking at the
process from a distance’ or scaling the length.

Exercise.Make the interpretations given above precise.
(Hint: Calculate (i) the probability tha&(et) € A, and (ii) the probability
that+/eX(t,) € A).

Problem. Let
1
1 Lo
W) =35 | Nct)Pet
0

if w(0) = 0, w absolutely continuous on J@]. Putl(w) = oo otherwise.

161



162 22. Large Deviations

We would like to evaluate

Fw)
fe < dP¢(w)

Q

155 for small values ok. HereF(w) : C[0,1] — R is assumed to the a
bounded and continuous function.

Theorem .Let C be any closed set in[ 1] and let G be any open set
in C[0, 1]. Then

limsupe logP.(C) < - f [ (w),
0 weC

liminf elog P(G) > — inf 1(w).
e—0 weG
Here P.(G) = P.(n~1G) wherer : C[0, ) — C|[0, 1] is the canoni-
cal projection.
Significance of the theorem If

1.
—1(w)

dP. =e <,

Pea) = f e dP.
A

is asymptotically equivalent to

then

exp[—1 inf 1(w)].
€ WeA
2. If Ais any set such that
inf 1(w) = inf I(w),
weA? weA
then by the theorem

EI::[Olog P(A) = Jvre]fAI(W)'
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156 Proof of the theorem.

Lemma 1. Let wp € Q with I(Wp) = ¢ < oo. If S = S(wp; 9) is any
sphere of radiug with centre at w thenlim € logP(S) > —I(wp).

e—0

Proof.
P(S) = f XS AP

(w—wp)
e,

= fXS(O'é)(/lW)dP(ﬂ), where A(w) = w — Wy,
’ Ve

- [ xsestacyemdptw
rol L 1
= f Xs(0.6)(VeW) exp f <Wo,dX>—§ f Wol?dor | dP(w)
Lo 0
rol
= fXS(O;(S)(\/EW) exp f(Wo,dX)— |(W0) dP(W)
Lo
1 1 1
= f Xxs(0:)(W) exp - f (W, dX)—;l(Wo) dP.(w)
0

1
1 L5
P<(S(0;0)) feXP[—; f(WO,dX> dP
S(0:9) 0

1
1 1 .
e P.(S(0:9) f f Wo, dXydPe
S(05) 0

by Jensen’s inequality,

= P.(-w) if w e S(0;6))
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Therefore
—l(wo) o
Pe(S(wo; 6)) > €™« P(S(0; —))
Ve
or,
elog P(S(wp; 6)) = —I(wWp) + elog P(S(0; %));
€

let e — 0O to get the result. Note that the Lemma is trivially satisfied if
[ (Wg) = +oo. O

Proof of Part 2 of the theorem.
Let G be openwy € G; then there exists > 0 with S(wg, 6) c G.
By Lemmdl

lim € logP(G) > lim € logP.(S(Wo; 5)) = ~| (o).

=0 e—0
Sincewy is arbitrary, we get

lim € logP(G) > —inf{l(wp) : wp € G}.
For part 1 we need some more preliminaries.

Lemma 2. Let(wp) € C[O, 1] be such that w— w uniformly on[0, 1],
I(Wp) < @ < 0. Then (W) < «, i.e. | is lower semi-continuous.

Proof.

Step 1.w is absolutely continuous. Létx',x")}; be a collection of
mutually disjoint intervals in [O1]. Then

n

n Xi”
> W) = im0 < 31 = XL [ 2
x].’

i=1 i=1]

(by Holder’s inequality)
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n o vz n 1/2

< Z f|Wm|2 (Z X" — x{l) (again by Holder)
=13 i=1

< V)OI = XD

158
Letting m — oo we get the result.

Step 2.0bserve thatvy,(0) = 0Sgw(0) = 0. Therefore

|Wn(X+ h) Wn(X) hfwndq < —[f|Wn|dt]
1 x+h
<z f Wnl%dt.
X

Hence

[Eny

-h

dx [ |(Wn(x +1)?dt

1-h
f Wn(X + h) —wn(X) »
| : |

—

1
dXSE

h

dt | Mn(x+ t)2dx

fdt 2«

IA
Ol

O%: o%
o%'l_‘ o

I\JII—‘

lettingn — oo, we get
1-h o
f Wox+ )~ wiX) r)1 ~ WO 20 < 2.

Leth — 0 to getl(w) < a, completing the proof.
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O

159 Lemma 3. Let C be closed and put’G= |J S(w; 6); then
weC
('s'LTB(VLQé I(w)) = Jvr;fcl(w).
Proof. If §; < &5, thenC® c C% so that ircwj:l(w) is decreasing. As
we
C? > C for eachs,
Aard, o) = g 1)
Let¢ = (Isimo( in(; [(w)). Then there exista; € C° such that (ws) —
—U we
¢, and thereforel(w;)) is a bounded set bounded by(say).

Claim.

t2
W5 (t) — Ws(t2)l = | | wsdt] < vi(lts — ta)( | Iwsi2)Y2
I /

< V(2alty - to]).

The family (w;) is therefore equicontinuous which, in view of the
fact thatws(0) = O, implies that it is uniformly bounded and the claim
follows from Ascoli’s theorem. Hence every subfamily o] is equi-
continuous. By Ascaoli's theorem there exists a sequeéice> 0 such
thatws, — w uniformly on [Q 1]. Itis clear thatw € C. By lower
semicontinuity ofl (w),

lim inf 1(w) > inf
6—0weC? weC

completing the proof.
m]

160 Proof of Part 1 of the theorem.Let X be continuous in [QL]. For each
nlet X, be a piecewise linear version dfbased om equal intervals, i.e.
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Xnis a polygonal function joining the points,(®(0)), (1/n, X(1/n)),...,
(L X(1)).

Pe(liXn = Xl 2 6). (Il - 11 = Il - lle0)

< P[U sup- sup |Xr(t)—Xr(j ;l)l > i]

noigjsn il ~ 2yd
n ——n

where X = (Xq,...,Xq).

< ndP.( sup [X(t) - X(0) =
0<t<1/n ‘/
dimensional).

(Markov property; hereX is one-

<ndP.| sup |X > ]
(O<t<1€n ' 2‘/d

<2nd P.( sup X >
(O<t<18n L= 2\/d

(sinceX(0) = 0)

1)
=2dn P( sup X; >
(O<t<Bn t 2\/ d

= 4dn P(X(1/n) > ——) (by the reflection principle)

2\/d

_ s 1 —ny?2/2
= 4dn f N 2ﬂ/ne dy
§yn/2+/ed

r 1 2
— e ¥ /?dx
f V2r
6y/n/2+/ed

Now, for everya > 0,

[ee) [e9)

afe‘xz/zdxsfxex/zdx e ¥/2,

a a

Thus

161
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4 n6?/(8ed)
Pe(IIXn — X|| > 6) < 4dn e T _ C1(n) ‘/fe—naz/(sed)
oyn/2+/ed Vo

whereC; depends only on. We have now

P.(Xn € C%) < P(1(Xn) = €5) wherets = inf{l (w)w € C°}.

A5 <=

=y
2
=P(Yf+Y22+---+Y§dzﬁ),

whereY; = 4/n(Xy(1/n) — X;1(0)) etc. areéndependenhormal random
variables with mean 0 and variance 1. Therefore,
2L
PY2 4+ 4+ Y2, > —“)

_ f 25 o (B +y2)? dys ... dyng-

€

=C(n) f e "*/2pnd-1gy,
V(2Ls/€)
using polar coordinates, i.e.

2¢,
POY2+ Y3+ + Y232 =y =c'(n) f e°s? lds
€
(¢s/€)

2
(change the variable fromto s = %). An integration by parts gives

(o)

fe‘sskds: e+ C l_dl)! a2y

a

Using this estimate (fon even) we get

2 n
P((Y?+---+Y2) > é) < cz(n)e—‘%/f(ﬂ:)%’—l,
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whereC, depends only on. Thus,

P.(C) < P(IIXn = X|| = 6) + Pc(Xn & C°)
m_q
2

< C]_(n)\/( ) —n6 /(8ed) +C (n) _[(}/E(i)

< 2max[Cl(n)\/( ) e /@) Cyn)e KO/E(Q)T_

€

€ logP,(C) < elog2+ € max[log(Cl(n)\/( ) -)(B<d)

log Cz(n)e” WE( )Tll

162
Lete — Oto get

—no2 —&g
8d "1 [°

lim € logP,(C) < max{
Fix 6§ and letn — oo through even values to get
lim € logP.(C) < —¢;.
Now leté — 0 and use the previous lemma to get

EelogPE(C)s—fl(w).

weC
Proposition . Let¢ be finite; then{w : 1(w) < £} is compact irQ.
Proof. Let (w,) be any sequencé(wy) < €. Then
Wn(t1) — Wn(t2)l < V(€It1 — tal)

and sincewr(0) = 0, we conclude thafw,} is equicontinuous and uni-
formly bounded. m|

Assumptions.Let Q be any separable metric spacé,= Borel o-field
on Q. For everye > 0 let P, be a probability measure. Lét: Q —
[0, o0] be any function such that
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() 1is lower semi-continuous.
(i) V finite ¢, {w: 1(w) < £} is compact. 163
(i) For every closed set in Q,

lim supe logP.(C) < — inf I (w).
e—0 weC

(iv) For every open s&b in Q

lim inf € logP.(G) > — inf I (w).
e—0 weG

Remark. Let Q = C[0, 1], P. the Brownian measure corresponding to
: 1t : :
the scalinge. If 1(w) = 5 [ widt if w(0) = 0 andeo otherwise, then all
0
the above assumptions are satisfied.

Theorem .Let F : Q — R be bounded and continuous. Under the
above assumptions the following results hold.

(i) For every closed set C i©

I|m supelogfexp—) P suqF(w)—I(w))

(i) For every open set G i
lim inf € log exp@dP6 > sup(F(w) — I1(w)).
e—0 a € weG

In particular, if G = Q = C, then

lim € log exp@dPe = sup(F(w) — I(w)).
-0 € weQ

Q



171

Proof. Let G be openwg € G. Lets — 0 be given. Then there exists a
neighbourhoodN of wg, F(w) > F(wp) — §, Ywin N. Therefore

fexp@dpe > fexp@dPe > eF(WS)fé P.(N).
€

€
G N

164
Therefore

elogfexp@dPE > F(wp) — 6 + elog P.(N).
G

Thus

Ii_mlogfexp@dpe > F(Wp) — ¢ + lim elogP(N).
€
G

> F(wo) — & — inf 1(w) > F(wo) — I (wo) - &.

Sinces andwg are arbitrary g € G) we get

lim e Iogfexp@dPE > sup(F(w) — 1(w)).
€ weG
G
This proves Part (ii) of the theorem. ]
Proof of Part (i).

Step 1.Let C be compactL = supF(w) — I(w)). If L = —oo it follows
weG
easily that
lim supe IogfeF/EdPE < —c0.
C

(Use the fact thafe is bounded). Thus without any loss, we may assume
L to be finite. Letwg € C; then there exists a neighbourhobidof wy
such that=(w) < F(wp) + 6 and by lower semi-continuity df,

[(W) > I(wp) — 6, YW € N(wp).
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By regularity, there exists an open €&f, containingwo such that
Gw,Gw,N(Wp). Therefore 165

f exp —F(W)dP6 exp(—F(WO) i 6) Pe(Gup)-
€ €
Cuy
Therefore

Iirrz)supe log f exp @dPe < F(Wp) + 6 + eﬁ P(Gw,)

Gug
< F(wp) +6— inf I(w)

WeGWO
F(Wo) +6 — 1(Wp) + 6
<L+26

Let K, = {w: I(w) < ¢}. By assumptionK, is compact. Therefore,
for eachs > 0, there exists an open 8% containingK, N C such that

Iirrz)supe Iogfe@dPe <L+ 26

Gs

Therefore

. F(w)

Imz)supe log f e« dP. <L+ 25,

€E—

GsNC
e dp, < MP(C N GY).
G$nC

Therefore

Iirrz)supe log f e@dPe <M+ Iirrg)supelog P.(CiNC)
e— €—
G$nC
<M- inf_ I(w).

weCnG$§
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166 Now
G§ c KfnC®.
Therefore
CNG;cCnK;

if we CNG§, w¢ K,. Thereforel (w) > £. Thus

lim supe log f e"Wiedp, < M- <L <L+2.
€E—

G$nC
This proves that

. F

Ilrrg)supe IogfexpﬂdPE <L+ 26
€e— €
C

SinceC is compact there exists a finite number of poins. . ., wy

in C such that .
Ccl Jou
i=1

Therefore
— F _
lim e Iogfexpﬂdps < lim elog f egFW/egp,
€
c U1 Gy
— F
sllm(elognl\lllaxfexpﬂdpe)
<I< €
Gy
<L+ 26

Sinces is arbitrary.

lim e Iogfexp@dPE < sup(F(w) — 1(w)).
g € weC

The above proof shows that given a compaciGeinds > 0 there 167
exists an open sé& containingC such that

lim e Iogfexp@dPE <L+26
€
G
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Step 2.Let C be any arbitrary closed set {b. Let
L = sugF(w) — I(w)).
weC

SinceF is bounded there exists @ such thatfF(w)| < M for all
w. Choos¢’ so large thaM — ¢ < L. Sinced is arbitrary

lim supe Iogfexp@dPE < supgF(w) — I[(w))
e—0 € weC
C

We now prove the above theorem whpis replaced byQs. Let
P5 be the Brownian motion starting at tinte= O at the space point
corresponding to the scalinrg Precisely stated, if

7e 1 C([0, 00); RY) — C([0, 0); RY)

is the map given byr(w)(t) = w(et), then P§d=foT§1- NoteT;'7. = T.
e
andT, is given by

t
T.w =y wherey(t) = w(et) + f b(y(s))ds
0

Hence
Py Tt = Py(Te, 7o) = Pur T = PET L
either of these probability measures is denote@by

Theorem .Let b: RY — RY be bounded measurable and locally Lips-
chitz. Define

1
W) - % f IX(t) — bCX(1))2dlt
0

168
If w e C([0, );RY), w(0) = x and x absolutely continuous. Put
I (w) = oo otherwise. If C is closed in [(D, 1]; RY), then

lim € logQS(C) < — inf 1 (w).
e—0 weC
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If G is open in @[O0, 1]; RY), then

lim € 10gQy(G) > - inf 1(w).

e—0
As usual Q(C) = Qsn~1(C) where
7 C([0, ); RY) — C([0, 1]; RY)
is the canonical projection.
Remark. If b = 0 we have the previous case.

Proof. Let T be the mapx(-) — y(-) where

t
y(t) = x(t) + f by(9)ds
0

Then
Qg =P
If Cis closed
QXC) = PYTC).

The mapT is continuous. Therefor&*(C) is closed. Thus

Iirr?)supe log Qx(C) = Iirr?)supe log PS(T~1C)
1

. 1 .
<-— inf =2 f IX|?dt (see ExercisEl1 below)
*) weT-1(C)

0
1 1
=—inf = f T~ 1wj2dt.
weC 2
0
Now 169

t
v sy - f by($)ds
0
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Therefore
(TYy) = y - b(y(9).
Therefore
Iemjsupe log Q%(C) < _JVQI: I(w).
The proof wherG is one is similar. O

Exercise 1.ReplaceP, by Ps andl by Ix where

1
1 .
l(W) = > f W%, w(0) = x, w absolutely continuous
0

= oo Otherwise.
Check that (*) holds, i.e.
lim supe log Py (C) < — inf Ix(w), if Cis closed
e—0 weC

and
Iel—%mf € logP§(G) > —Vlvrelé I (W).

LetG be a bounded open setli?, with a smooth boundary = 4G.
Letb: RY — RY be a smootiC™ function such that

i (b(x), n(x))0, Yx € dG wheren(x) is the unit inward normal.

(i) there exists a poinky € G with b(xg) = 0 and|b(X)] > 0, ¥x in
G - {0}

170  (iii) for any xin G the solution

t
£(t) = x+ f bE(9)ds
0

of the vector field starting fromt converges to ast — +oo.

Remark. (&) (iii) is usually interpreted by saying thatg'is stable”.
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(b) By (i) and (ii) every solution of (iii) takes all its values (& and
ultimately stays close tgy.
Lete > 0 be given;f : G — R be any continuous bounded func-
tion. Consider the system

L.u. = %Aue +b(X)-Auc =0in G
u. = f onoG.

We want to study Ii(r)rue(x). Define
€

.
@mmy:;fmm—uﬂm&mx:mTyaw
0

wheneverX is absolutely continuous; co otherwise.

Remark. Any solution of (iii) is called an integral curve. For any curve
X on [0, T], Ig gives a measure of the deviation Xffrom being an
integral curve. Let

Vr(xy) = inf{lg (X) : X(0) = x; X(T) =}

and
V(X y) = inf{Vr(x,y): T > 0}.

V has the following properties.
() V(xy) V(%2 +V(zYy) YXY,z 171
(i) Givenanyx, 35 — 0 andC > 0 such that for aly with [x—y| < 6.

V(x,y) <Clx-Y

t(y - X)
ly—X

Proof. Let X(t) =
Put

+ X

T = |y_ X|’ X(O) =X X(T) = y’
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]
_ 2
T(X() = %ﬂy?x—b(m%y—x» ds

0

;
1 ly — X2
T 2
N Sifz( = +||b||oo)ds
0

blle = sup b(2),

[A-X<]y—X]

Then

where

or,
1§ < @+ IIbI2)ly - X.

As a consequence of (ii) we conclude that

V(xy) <[1+ sup |b(A)P|ly- x,
[A=X<ly—X]|

i.e.Vis locally Lipschitz.
The answer to the problem raised is given by the following. O

Theorem .
IinrgJ Ue(X) = f(Yo)

where y is assumed to be such thatg 0G and

V(Xo,Yo0) < V(X,Y), Yy € 0G, Y # Yo.

We first proceed to get an equivalent statement of the theorem. Let
P5 be the Brownian measure corresponding to the starting poisnd
corresponding to the scaling Then there exists a probability measure
Qs such that
dQ% .

aPs F=Z(1)
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where
t 1 t
Z(t,-) = exp [ (B (X(s)), dX(s)) — 5 | b"(X(s))ds
/ ]

b* is any bounded smooth function such that= b onG. Further we
have the integral representation

U(x) = | f(X(r))dQ
!

wherer is the exit time ofG, i.e.
T(w) = inf{t : w(t) ¢ G}.
0 = )l =1 [ (FOX(E) - F0)AQy
9G

<| f (FX()) — F(Yo)dQEl+

NNoG

N f (F(X@) — F(Yo))dQ
NCNOG
(N is any neighbourhood gb).

< Qu(X(r) e NN 9G) sup [f(4) — f(yo)l+
AeNNIG

+2|| |l Q5 (X(7) € N® N HG).
173
Sincef is continuous, to prove the theorem it idfstient to prove
the

Theorem .
Iin?) Qx(X(r) e N° N 9G) =0

for every neighbourhood N ofy
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Let N be any neighbourhood g§. Let

V =V(X,Y¥0),V' = inf V(Xvy).
Y 0G

eNCN,

By definition ofyg and the fact tha®ndG is compact, we conclude
thatV’ > V. Choose; = n(N) > 0 such thatv’ = V + n. For anyé > 0

let D = S(Xo;6) ={y: ly—Xol <6},0D ={y: |y - Xo| = 6}.

Claim. We can choose & such that

() V(xy)>V+ 37? ¥Xx € dDy, y € N€ 6G.

(i) V(xyo) <V + %, Vx € dD,.
Proof. (i) V(x0,Y) >V + 1, Yy € N¢dG. Therefore
V + 1 < V(X0,Y) < V(X0, X) + V(X,Y)
< Clx = Xol + V(X,Y).

ChooseC such thaC|x — Xg| < % Thus

Vot 374'7 < V(xY) if Clx— ol < %, vy € N€ 4G.
174 C depends only orxg. This proves (i).

(i) V(X0 Yo) — V(X Yo)| < V(Xo, X) < Clxo— X < % if x is close toxo.

Thus

n

4

if xis close toxg. This can be achieved by choosifigvery small.

O

V(X Y0) < V00.Y0) + 3 =V +

Claim (iii) We can choosé; < 6> such that for points¢, X, in 9D
there is a pathX(-) joining X3, X with X(-) € D, — Dy, i.e. it never
penetrate®q; and

I(X) <

[oc] BN
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Proof. LetC = sug|b(1)[? : |1 — Xo| < 62}. ChooseX(:) to be any path
on [0, T], taking values irD, with X(0) = x;; X(T) = X, and such that
|X|] =1 (i.e. the path has unit speed). Then

T T
Ig(X) < f (IX?+C)dt<CT + f IX|dt
0 0

=(Cc+ 1T = (C+1)[x2 — xql.

Choosey; small such that@ + 1)|x; — X3| < g

LetQoy = {w: w(t) € G — Dy, Vt > 0}, i.e. Q5 consists of all
trajectories inG that avoidD;. m]
Claim (iv)

. . 3n
T . —
IT% XeQ51!)r2(fO)e6D2 lo(X()) =V + 4
X(T) e N°n oG
175
Proof. Follows from Claim (i) and (ii). O

Claim (v)

. . 3n

inf inf T X)) <V + =

T>0 XeQy,,X(0)D; o(X() =V + 8
X(T)=Yo

Proof. By (ii) V(X,yo) <V + %VX € 0Dy, i.e.

. . T . Q
#T:) X(O):)I(,rg(T):yo loX() =V + 4
Lete > 0 be arbitrary. Choosg andX(-) such thalg(X) <V+ %+e

with X(0) = x, X(T) = yo, X(-) € G. If X € Q5, defineY = X. If X ¢ Qs
defineY as follows:
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Let t; be the first time thaK entersD; andt, the last time that it
gets out ofD;. Then O< t; < t, < T. Let X* be a path on [05] such

that (by Claim (jii)) 15(X*) < g with X*(0) = X(t1) and X*(s) = X(t2).
DefineYon [0, T — (to —t) + g [T — (to — t1) + S, o) by

Y(t) = X(t) on [0, t1] = X*(t —ty) on [ty, t1 + 9
=X{t—-tg—s+t),onfti+sT—-(th—t1) + 9
=X(tp), fort >T —(tp —t1) + S.

Then

t1 S
s 2 f X - bX(9)Pds+ > f X = (X" (9)Pds
0 0

.
+% f IX(s) — b(X(s))|?ds
t2
n n

SV+Z+E+§

by choice ofX andX*. AsY € Qs,, we have shown that

. . 3n
inf inf TX() < V+=+e
T>0 XeQs,X(0)D1 o (X()) = g "€
X(T)=Yo
Sincee is arbitrary we have proved (v). O
Lemma. Ig is lower semi-continuous for every finite T.

Proof. This is left as an exercise as it involves a repetiti on of an argu-
ment used earlier. O

Lemma . Let %, € Q. If Ty — oo then |"(Xn) — co.

This result says that we cannot have a trajectory which starts outside
of a deleted ball for which remains finite for arbitrary long lengths of

time.



183

Proof. Assume the contrary. Then there exists a const&rstuch that
Ig“(Xo) <M, Vn. LetT < oo, s0 thatMr = supl] (X,) < co.
n

DefineX! = Xnljo.17- O
Claim. {X[},-1 is an equicontinuous family. 177
Proof.

X2
pm@—ﬂmW:qRMmF
X1

X2

5|x2—x1|2f|x§|2dt

X1

X2 T
< 2o -xf [ 1] ~b0q)Pds+ [ bR
0
< 2% - x1’[2Mr + TbJZ].

Thus,{X[}, is an equicontinuous family. Sin€is bounded{X/ },
is uniformly bounded. By Arzela-Ascoli theorem and a “diagonal pro-
cedure” there exists a subsequenGg and a continuous function 8
uniformly on compact subsets of,[®). As Xy, (-) € G-D1, X € G-D;.
Letm>n. IT”(Xm) < M. Xp — X uniformly on [Q T,]. By lower semi-
continuityIP(X) < M. Since this is true for every we get on lettingl

0
tend tooo, that

% f IX — b(X(3))Pds < M.
0

Thus we can find a sequenag< by < ap < by < ... such that

by

120D = 5 [ X® - bxo)Pe

an
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converges to zero with, — a, — oo. Let Yy(t) = X(t + an). Then
17 (Yp) = 0 with by—an — +00, Yne Q.

Just asX was constructed from,,, we can construcY from Y, such
thatY,, — Y uniformly on compact subsets of, [&).

o2 (Y) < inf 1272 (Ym) = O

(by lower semi-confirmity of ). Thuslé’”_a“(Y) = 0, V¥n, showing that

f Y(t) - b(Y(t))[Pdt = 0

0
t

ThusY satisfiesY()) = x+ [ b(Y(s))dswith Y(t) € G — 4Dy, ¥t.
0

Case (i).Y(tp) € Gfor sometp. LetZ(t) = Y(t+tp) so thatZ is an integral
curve starting at a point @ and remaining away frord; contradicting
the stability condition.

Case (ii). Y(tp) ¢ G for anytp, i.e. Y(t) € oG for all t. SinceY(t) =
b(Y(®))Y(t), n(Y(t))) is strictly positive. ButY(t) € dG and hence
(Y(t),n(Y(t))) = O which leads to a contradiction. Thus our assump-
tion is incorrect and hence the lemma follows. O

Lemma .Let xe 9D, and define

E = {X(t) exits from G before hitting Pand it exits from N
F = {X(t) exists from G before hitting Dand it exits from N}

Then

<(F
’6(( ) < exp(—ﬁ + O(E)) — O uniformly in Xx € dD>).
“(E) €

Significance.Q(E) andQ;(F) are both small becausefidision is small
and the drift is large. The lemma says tlf(E) is relatively much
larger thanQs(F).
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Proof. QG (E) > Q5{X(t) exists fromG before hittingD;, and exists in

N before timeT}, = Qx(B) > exp[—E inf Ig(X(-))] where the infimum
€
is taken over the interior dB,

o 23] o)

B 1 3n 1
X(F) < exp[—; (V + Z) + 0(;)] .
Therefore

Qx(F) 3n 41
G <ol 24

We now proceed to prove the main theorem. Let

Similarly,

—0 as e—0.

70=0,
71 = first timedD; is hit,
7o = next timedDs is hit,
73 = next timedD+ is hit,

and so on. Observe that the particle can get o ohly between the
time intervalsry, andron, 1. Let E, = {betweenry, and o, 1 the path
exits fromG for the first time and that it exits iN}, F,, = {betweenry, 180
andr,n, 1 the path exits fron for the first time and that it exists iN®}.

Qx(X(7) € N) + Qu(X(1) € N°) = 1.
Also

Q(X(r) € N°) = > Q5(Fn),
n=1

Q(X(7) € N) = > Qx(En),
n=1
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i QuFn) = i E%(QuFnlFr,0)
n=1 n=1

< > E¥xrorm) sgé) Q%(F)] (by the Strong Markov property)
Xe 2

n=1
x(F)

<06 ) E%MWera jof, UEN (@553 = O

< 0(e) ), Q(En) = 0()Qx(X(r) € NO).
n=1

Therefore

Q1) eN) - 1, QuX(r) € N) > 0.

[m|

Exercise.Supposey(x) = Vu(x) for someu € C1(G U 6G, R). Assume
thatu(xg) = 0 andu(x) < O for x # Xo. Show that

V(xo,y) = —2u(y).
[Hint: For any trajectoryX with X(0) = Xo,

T T
f Vu(X) - X(t)dt > —2u(y)
0

X(T) =y, 1§ (X) = % f IX + Vu(X)[2dt — 2
0

so thatV(xo,y) > —2u(y). For the other inequality, let be a solution of
X(t) + Vu(X(t) = 0 on [Q c0) with X(0) = y. Show that becau dU;((S)O

181
S
for X(s) # 0 andxg is the only zero ofy, ItimitX(t) = Xo. Now conclude

thatV(xo,y) < —-u(y)].



23. Stochastic Integral for a
Wider Class of Functions

WE SHALL NOW define the stochastic integral for a wider class 082
functions.
Let6 : [0,) x Q — RY be any progressively measurable function

such that for every

t

f|€(sw)|2ds< o, a.e.
0

Define, for every finitel > 0,

S
o(sw), if [l w)Pdt<L < oo,
0

HL(S’ W) = s
0, it [16t, w)lPdt > L.
0

We can writed, (s, w) = 6(s, W)x[o,.)(¢(s, W)) where
S
osw) = [ oot
0

is progressively measurable. Hergds, w) is progressively measur-

187
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-
able. ltis clear thaf |6 (s wW)[?ds< L, a.e.VT. Therefore
0

]
E( f OL(s W)2d9 < L.
0

t
Thus the stochastic integrél (t, w) = f(@L(s, w), dX(s,w)) is well de-

0
fined.

The proofs of the next three lemmas follow closely the treatment of
Stochastic integration given earlier.

Lemma 1. Letr be a bounded, progressively measurable, continuous
function. Letr be any finite stopping time. #{s w) = 0, Y(s, w) such
t

that0 < s < (w) then [(4(s, w), dX(s w)) = 0for 0 < t < 7(w).
0

Proof. Definefy(s,w) = e(m,w). 0n is progressively measurable and
by definition of the stochastic integral éf,

t
f On(swW).dX(SW) =0, Vi, 0<t<r(w)
0

Now
t
E| | 1n(s W) -6(s, W)|2d8]
/
t
[ng 2
=E |9(—w) — 6(s,w)| ds] — 0asn — oo
[
and

t t
f (n(s. W), AX(S W) — f (6(s W), dX(s W)
0 0
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in probability. Therefore
t
f(a,dX) =0if0 <t < 7(w).
0

O

Lemma 2. If 6 is progressively measurable and bounded the assertion
of LemmdlL still holds.

Proof. Let

1
Hn(t,w):ﬁ f 6(s, w)ds.
(t=1/n)Vo
Then

.
E[f 16n(t, W) — 6(t, w)|2dt] — 0 (Lebesgue’s theorem).

0

6y is continuous and boundé,(t,w) = 0 for 0 < t < 7(w). By lemmddl 184

t
f (6n(s W), AX(S W) = 0
0

if 0 <t < 7(w). This proves the result. o

Lemma 3. Letd be progressively measurable such that, for all t,

t
E| [ 16(s w)|2ds] < 0.
/

If 6(sw) = 0for 0 < s< 7(w), then

t
f<e(s W), dX(swW) =0 for 0<t<r(w).
0
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Proof. Define

6, ifleI<n,
"o, iflg>n.

Then

C
f(@n,dx> =0,if0 <t<t(w), (LemmdR)and
0

t
E([ |6n - 61°d9) — 0. The result follows. O
0

Lemma 4. Letd be progressively measurable such that

t
flé’(s,w)lzds<oo a.e.
0

ThenLLt &L (t,w) exists a.e.

Proof. Define

(W) = inf {s: fl@(o-, w)[2do > L};
0

clearly | is a stopping time. IfL; < Ly, 7 (W) < 71,(W) and by
assumptions of the lemma 7T oo asL T co. If

L1 <Lz, 6O,(sw)=6,(sw) for 0<s<7,(W).
Therefore by LemmEl 3,
sz(t, W) = le(t, W)

if 0 <t < 7,(w). Therefore as soon dsis large enough such that
t < 7(w), &.(t,w) remains constant (as a function Ibf. Therefore
LL'[ &L (t,w) exists a.e. O
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Definition. The stochastic integral @fis defined by

t
f (Os W), dX(s W) = Lt £ (tw)
0

Exercise.Check that the definition of the stochastic integral given above
coincides with the previous definition in case

t
E |9(s,w)|2ds] < o0, VL.
/

Lemma . Letd be a progressively measurable function, such that

t

fl(?(s, w)[2ds < oo, Vt.
0

If £(t, w) denotes the stochastic integral@fthen 186
T
L2
P( sup (. <)l > e) < P[f|9|2dsz L]+ .
0<t<T J €

t
Proof. Let 7. = inf{t : [|%ds > L}. If T < r (), theng (s w) =
0

o(s,w). Also
(tw) =£(tw) for O<t<T.

Claim.

{w: sup |£(t, w)| > e}

O<t<T

{w: sup & (t, w)| > e} U{w:r (w) < T}
O<t<T
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For, if wis not contained in the right side, then

sup | (W) <e and |r(w) > T.
o<t<T

If 7o > T, &L(t,w) = £(t,w) YVt < T. Therefore

sup [£L(t,w)[ = sup &(t, W)

0<t<T O<t<T

Thereforew ¢ left side. Since

.
Wit (W) >T)={w: fl@lzdsz L
0
we get

P( sup [£(t, )l > e)

O<t<T

T
<P fl@lzdsz L{+ P( sup |&L(t, )| > e)
0

O<t<T

62’

T |_2
<P f|9|2dszL +
0

187 by Kolmogorov's inequality. This proves the result.

Corollary . Let 6, and 8 be progressively measurable functions such
that

t t
@ [16n(sW)Pds < oo, [16(s W)Pds< oo, Vt;
0 0

t
(b) Lt [ 16n(s. W) — 6(s, w)[?ds = 0 in probability.
— 00 O

If £n(t, W) and &(t, w) denote, respectively the stochastic integrals of

0n and g, then sup |&x(t, W) — £(t, w)| converges to zero in probability.
O<t<T
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t
Proof. Lettn (W) = inf{t : [|6,/°ds > L}; replacing® by 6, — 6 andé
0

by &, — £ in the previous lemma, we get

P(sup entt) - et 1>

o<t<T
T
L? )
< = +P f|9n(s,-)—9(s,-)| ds>L]|.
0
Lettingn — oo, we get
. L2
Im P( sup |En(t, <) — &(t, )l = e) =

|
n—=eo \o<t<T

AsL is arbitrary we get the desired result. m|

Proposition . Letd be progressively measurable such that
t
f|9(s,w)|2ds< o, YtandV w.
0

Then 188
t t
1
*) Z(t,-) = exp[ O(s,-),dX(s,-)y == | l6(s, -)Izd%

is a super martingale satisfying
(@) EZt ) <L
(b) Lt EZ(t) =1,
Proof. Let (0,) be a sequence of bounded progressively measurable

functions such that

t
f 10 — 0P°ds > O Vt, Vw.
0
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(For example we may také, = 0 if |9] < n, = 0 otherwise). Then
(x) is a martingale whean is replaced by,. This martingale satisfies
E(Z.(t,-)) = 1, andZy(t,-) — Z(t,-) pointwise (a) now follows from
Fatou’'s lemma:

HmEan)zE@mZ@J)
t—0 t—0

=E(1)=1

Thereforet I_OtE(Z(t, -)) = 1. This proves (b). O
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Exercise.Let R > 0 be given. Pubr = bgg wheregr = 1 on|x| > R, 189
¢or = 01if X > R+ 1; ¢ris C®. Show thator = bon|x < R, bris
bounded oY andbg is globally Lipschitz.

LetQr = {(we Q: B(w) > T}. LetST = Qr — C[0, T] be the map
STw = y(-) wherey(t) = w(t) + ft b(y(s))dson [0, T]. Unless otherwise
specifieb : RY — RYis assur%ed to be locally Lipschitz. Define the
measureQ] on (@, T) by

QM (A) = Py{w: STwe A Bw) > T},
wherePy is the probability measure corresponding to Brownian motion.

Theorem .
QA = f Z(T,)dP,, YAe .7,
A
where

T T
Z(T,) = explfm,dx —%f|b(X(s, ))PPds|.
0 0

Remark. If b is bounded or it satisfies a global Lipschitz condition
thenB(w) = oo, so thatQt = Q andQ] are probability measures.

Proof. Let 0< R < co. For anyw in Q, lety be given by
t
y0) =) + [ byl
0

195



190

196 24. Explosions

Defineor(w) = inf{t : |y(t)] > Rand letbg be as in the Exercise.
Then the equation

t
YR(t) = W(t) + f bR(YR(e)do
0

has a global solution. Denote I8 : Q — Q the mapw — yr. If Qrx
is the measure induced I8, then

(ﬁ?x Fi=Zo(t) = exp[ f (br,dX) - = f |bR|2dsJ

Let Tr(w) = inf{t : |w(t)] > R}. 7r is a stopping time satisfying
TRSR = or. By the optlonal stopping theorem.

dQrx| >
dPy

(1) t/‘rR/\T = ZR(TR A T) = Z(TR A T)

Claim. Qrx((tr > T) N A) = QI (rr > T) N A), VAin .Z7.
Proof.

Right side = Py{w : B(w) > T,ST(W) € An (rr > T)}
= Py{w: Bw) > T,ye A sup ly(t)l <R}

o<t<T

= Pyx{w: yis defined at least upto tink
y €A, suply(t)l > R}

o<t<T

=Pyw:yre A,Osug lyr(t) < R}
<t<

= Py{w : Sr(W) € A, TrSr(W) > T}
= Qrxi(rr > T) N A}

(by definition). AsQ is an increasing union ¢tr > T} for Rincreasing,

Ql(A) = Mt Qi ((rr > T) N A), VAin .77,
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th Qrx((tr > T) N A) (by claim)

TRAT 1 TRAT
I f exp[ f (b.dX) - 5 f |b|2ds]dPX (by (1))
0

(TrAT)NA 0
T T
:fexp[f(b,dX}—%f|b|2ds]dPx
A 0 0
= f Z(T)dPy.
A

o 191
Theorem . Suppose bR — R%is locally Lipschitz; let L= > +b.V.

(i) Ifthere exists a smooth function iRY — (0, o) such that (x) —
o0 as|X — o and Lu < cu for some ¢ 0then B{w : B(w) <
oo} = 0, i.e. for almost all w there is no explosion.

(i) If there exists a smooth bounded function RY — (0, ) such
that Lu > cu for some ¢ 0, then R{w : B(w) < o} > 0, i.e.
there is explosion.

Corollary . Suppose, in particular, b satisfig®(x), x)| < A + B|x? for
some constants A and B; thep(® : B(w) < o) = 0.

Proof. Takeu(X) = 1 + |x2 and use part (1) of the theorem. m|

. . A
Proof of theorem. Let bgr be as in the Exercise and leg = > +br-V;
thenLru(x) < cu(x) if X < R.

Claim. u(X(t))e ' is a supermartingale upto timg relative toQR,

t t
d[u(X(t))e‘Ctexp[ f <bR,dX>—% f |bR|2ds]]
0 0
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t t
—ct [(br.dX)-3 [ Ibrli%ds
0 0

e X

2
x{—cudt+ (Vu, dX) + u(X)[{br, dX) — Ib%ldt] + brudt + %lelzudt}

t t

= exp(—ct+f(bR,dX>— %flelzdS)

0 0
[Lr = QU + (Vu,dX) + W(bg, dX)].

192
Therefore

t t
[(br.dX)-3 [ lbrl2ds
u(X(t))e e 0

t

- f exp[—cs+ f (br, dX) — f |bR|2ds]-(LR—c)u(X(s))ds
0 0

0

is a Brownian stochastic integral. Therefore

TRAL 1 TRAL
u(X(TR/\t))eXp[—C(TRAt)+ f <bR,o|x>—§ f |bR|2ds]—
0 0

TRAL

- f exp[—cs+ f (bR,dX>—% f |bR|2ds](LR—c)u(X(s))ds
0 0

0

is a martingale relative tBy, .# ;. Butbr(X) = b(x) if [X < R. There-
fore

TRAL TRAL
u(X(TR/\t))eXp[—C(TR/\t)+ f (b,dX)—% f |b|2ds]—
0 0

TRAL S S
— | exp|-cs+ | (b,dX)- |b|2ds](LR — o)u(X(s))ds
[ onf-eee feon- [

0
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199

is a martingale relative t& . But (Lr — c)u < 0in [0, 7R].
Therefore

TRAL TRAL

1
uX(rr At)) explc(rr At) + | (b,dXy—= | |bjds)
Jewz]

is a supermartingale relative 8., Px. Thereforeu(X(rg A t)e 4R

is a supermartingale relative @ (optional sampling theorem). There-

fore .
EQ(U(X(tg A 1)) R < y(x);

lettingt — oo, we get, using Fatou’s lemma,

EQ" (u(X(rr)E™R) < u(X).

Therefore )
EQ?(e_ch) < L
~inf |u
Inf_ Iu@y)
Thus )
u(x
EPX(e‘wR) < —-
inf |u
It lu@y)

(by change of variable). LR — oo to getRLt [e¥rdPy =0, i.e.
Py{w : B(w) < oo} = 0.
Sketch of proof for Part (ii).

By using the same technique as for Part (i), show tix{t))e ' is
a submartingale upto time relative toQR, so that
uE o ue

supluy)l — Ul =
lyl=R

EPx(e"%R) >

let R — o to get the result.

. _ 142
Exercise.Show that ifL = 107 + x3£
20X 0X

u = €a70¢) and show thatu > u).

, there is explosion. (Hint: take

194






25. Construction of a
Diffusion Process

Problem.Givena : [0,0) x RY — S, bounded measurable abd: 195
[0, o0) X RY — RY bounded measurable, to fin@,(%#, P, X) whereQ is

a space{.%i}i-0 an increasing family of-algebras o2, P a probability
measure on the smallest-algebra containing all the#’s. and X :
[0,t)xQ — RY, a progressively measurable function such d@tw) e
I[b(t, Xo), a(t, X;)].

Let Q = C[0,);R"), B(t,-) = n-dimensional Brownian motion,
F = a{B(s) : 0 < s< t}, Pthe Brownian measure dd anda andb as
given in the problem. We shall show that thee problem has a solution,
under some special conditions amndb.

Theorem . Assume that there exists : [0, ) x RY — Mgxn (Mdxn=
set of all dx n matrices over the reals) such that* = a. Further let

D it I<C )bt NI<C,
I i

Z lomij (t, X1) — oij (t, X2)l < AlXg = Xal,
i
Z |bj(t, X1) — bj(t, X2)| < AlXp — Xol.

J

201
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Then the equation
t t

1) t)=x+ f (o(S (s ). dB(s ) + f b(s £(s.))ds
0 0

has a solution. The solutiof(t,w) : [0, o) x Q — RY can be taken
to be such tha£(t, -) is progressively measurable and such th@t -) is
continuous for a, a.e. If, n are progressively measurable, continuous
(for a.a.e) solutions of equation (1), thén= n for a.a.w.

Proof. The proof proceeds in several steps. O

Lemma 1. LetQ be any space wit(i#;):»0 an increasing family of--
algebras. If0 < T < o then there exists a-algebra.oy c & =
A0, T) x %1 such that a function f [0, T] x Q — R is progressively
measurable if and only if f is measurable with respectAp

Proof. Let @ = {A € & : xa is progressively measurableClearly

[0, T] x Q € o, and ifA € o, A® € @.. Thus is an algebra. As
increasing limits (decreasing limits) of progressively measurable func-
tions are progressively measurabig, is a monotone class and hence a
o-algebra. O

Let f : [0,T] x Q — R be progressively measurable; in fatt, =
f+1="1] _ f-|f] s
> ,f~ = > .Letg= f*. Then
n2" .

_Z on Xgl[ll |)+n)(g1[n)

is progressively measurable. Hemdég, is progressively measurable,
.. Nyg-1[n.«0) IS Progressively measurable. Similadg_l[%@i_r) is pro-
gressively measurable, etc. Therefore, by definitmynis measurable
with respect tay. As g = f* is the pointwise limit ofg,, f* is mea-
surable with respect ta7. Similarly f~ is «%-measurable. Thus$ is
p-measurable.
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Letf :[0,T] x Q — R be measurable with respect.tg. Again, if
g=f"

n2" .

_Z on Xg izt T MWgtine)

is ofo-measurable. Sincg™l[n, «),... So gy

is progressively measurable. Therefqe progresswely measurable.
Hencef is progressively measurable. This completes the proof of the
Lemma.

To solve (1) we use the standard iteration technique.

Step 1.Let &(t, w) = X,

t t
En(t,w) = X+ f (o(s én-1(sw)), dB(s,w)) + f b(s, én-1(s,w))ds
0 0

By induction, it follows thatt,(t, w) is progressively measurable.

t
Step 2.Let Ag(t) = E(lna(t) — £, IfO <t < T, Ap(t) < C* [Ang

0
(s)dsandAp(t) < C*t, whereC* is a constant depending only dn

Proof.

Ao(t) = E(I€(t) — %)
t t
=E|l | (s x),d8(s ) + b(&X)dSZ]
il /

t
< 2] f (o(s %), dB(s x)>|2] "
0

+ 2E|| f b(s, x)dsjz] (use the fact thak + yi°

< 2(x? +Iy?) Vx y € RY)
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t t
:ZE[fTrmr*ds]:2E[|fb(s,x)d32].
0

0
198 or

t t
Ao(t) < ZE[ f tra-a-*ds] +2E [t f Ib(s, x)|2dsJ
0

0
(Cauchy-Schwarz inequality)

<2nd C2(1+ T)t.
An(t) = E(Ins1(t) — En®)P)

t
= E[l f (0(s,én(s W) — o (s &n-1(S W)dB)+
: 0
+ f b(s,gn(s,w))—b(s,fn_l(s,W))dsz]
° t
<2E [I f (0(s En(s W) — (S, én-1(s, W), dB(S, W)>|2] +
;
+ 2E( f (B(S, £n(S W) — b(S, £n_1(S W))dg?)
0

t
< 2( f trl(o(S £n(S W) — (S n1(S W]
0
X [0 (S En(S W) — (S Ena(S WA +

t
+2E [t f [b(s, én(s W) — b(s,fn_l(s,W))IzdSJ
0

t t

< 2dn AzfAn_l(s)ds+ 2tA2ann_1(s)ds
0 0
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.
< 2dn A2(1+T) f An-1(9)ds
0

This proves the result. o

(C*t)n+l
Step 3.Aq(t) < =+ D)l

C*=max2nd CZ(1+T), and A%1+T)).

Ynin0<t<T,where

Proof follows by induction om.

Step 4.4nljo,T1xq is Cauchy inL2([0, T]xQ, B([0, T] xQ), ux P), where
u is the Lebesgue measure onT0.

(C*t)n+l
(n+1)!

Proof. An(t) < implies that

(C*T)n+2
(n+2)! "

Here|| - ||2 is the norm inL2([0, T] x ). Thus

2
€n+1 = &nll> <

D llénia = &ll2 < 00, proving Step (4).

n=1

O

Step 5.(4) implies thaténljo,jxq is Cauchy inL2([0, T] x Q, &, u X
P) where o is as iE Lemma 1. Thusnlotjxo converges tt in
L2([0, T] x Q) whereé is progressively measurable.

Step 6.1f &nljo.T,1xeéT, in L2([0, T2] x Q) and
EnloTaxaér, N L3([0,T1] x Q),

thenETzl[o,TﬂXQ =ér ae.on[QT xQ, Ty < Ta.

199

200

This follows from the fact that i, — £ in L2, a subsequence of

(&n) converges pointwise a.e. §0
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Step 7.Let ¢ be defined on [0o) x Q by &ljoTxq = £ We now show
that

t t
Et.w) = x+ f (o(sE(s ). 0B(s ) + f b(s &(s ))ds
0 0
Proof. Let0<t < T. By definition,

t t
En(t, W) = X+ | (o(s,én-1(S 7)), dB(S ) + | b(s én-1(s -))ds
/ /

t 2
E [ f (08 £n(S ) — (s E(s W))). dB(s w)>]
0

)
- E( f trl(o(s £n(s W) — (S E(S W) (S én(s W) — (s E(s W) ds
0

.
sdnAffl.g—‘n(s,w)—E(s,w)lzdsH0 as n— oo
0 Q

(by Lipschitz condition onr).
Therefore

t t

f (oS £n-1(s W), dB(S W) — f (or(s (s W)), dB(s W)

0 0

201 in L%(Q, P). Similarly,
t t
f b(s £n(s W))ds — f bsEsw)ds in L.
0 0
Thus we get

t
*) Et.w) = x+ f (o(s E(s W), dB(s W) +
0
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t
+fb(s,$(sw))ds a.e.in tw.
0

O

Step 8.Let £(t,w) = the right hand side of«) above. Ther£(t,w) is
almost surely continuous because the stochastic integral of a bounded
progressively measurable function is almost surely continuous. The re-

sult follows by noting that [0co) = G [0, n] and a function on [0) is
n=1
continuousft it is continuous on [On], Vn.

Step 9.Replacing by & in the right side of £) we get a solution

t t
£tw) = x+ | (0(s.8).dB) + | b(s &(s w))ds
[oeaw-]

that is a.s. continuougt and a.e.

UniquenessLet £ andn be two progressively measurable a.s. continu-
ous functions satisfying (1). As in Step 3,

t t
E(&(t, w) — X%) < 2(E( | troo*ds) + 2E(t | bj’ds)
/ /

T T
SZE(ftraU*ds+ 2E(Tf|b|2ds), if 0<t<T
0 0

< 00,

202
ThusE(j4(t, w)|?) is bounded in & t < T. Therefore

() = E(IEt, w) — n(t, w)l)
< 2E(J(t, w)?) + 2E(In(t, w)[?)
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and sop(t) is bounded in <t < T. But

t
#(t) < 2dn (1 +T) f #(s)ds
0

as in Step 2; using boundednessg¢df) in 0 < t < T we can find a
constantC such that

t
$(t) <Ct and ¢(t)sCf¢(s)ds O<t<T.
0

() _ CT)"
n ~ n

#=0 on [QT],

Therefore

By iterationg(t) <

i.e. £(t,w) = n(t,w) a.e. in [QT]. But rationals being dense iR we
have
&=n ae.and Vit

It is now clear that € I[b, a].

Remark. The above theorem is valid for the equation

t t
Et,w) =X+ [(o(s).dB) + | b(s é)ds Vit
Jean |

This solution will be denoted b, x,.

Proposition . Let¢ : C[(0, »0);R") — C([to, ); RY) be the map send-
ing w to &, x,, P the Brownian measure on([D, «); R"). Let R, x, =
Ps~! be the measure induced or{[6, ); RY). Define X: [to, o) x
C)[to, »0); RY) by X(t,w) = w(t). Then X is an Itd process relative to
(C([to, ©0); RY), 1, Py, x,) With parameters

[b(t’ Xt)9 a(t9 Xt)] .

The proof of the proposition follows from
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Exercise.Let (ﬁ, ?t, I3), (Q, Z, P) be any two measure spaces with
Y progressively measurable 6n Q respectively. Suppose: Q — Q
is such that is (?t,%)-measurable for alt, andPA™! = P. Let
X(t, W) = Y(t, Aw), YW € Q. Show that

(a) If Xis a martingale, so i¥.

(b) If X e 1[b(t, X;), a(t, X;)] then
Y € I[b(t, Y1), a(t, Yy)].
Lemma .Let f : R? - R be(Q, P)-measurabley a sub -o - algebra
of 7. Let X: Q - Rand Y: Q — R be such that X i$-measurable
and Y is} -independent. If gv) = f(X(w), Y(w)) with E(g(w)) < oo,
then

E(gl D )W) = E(F(6 Y)lxexw,
E(f(X. V)iz)w) = f F(X(w), Y(W))dP(W).
Q
Proof. Let A and B be measurable subsetsin The result is trivially 204
verified if f = Xaxg. The set

& ={F e R : theresult is true foXg}

is a monotone class containing all measurable rectangles. Thus the
Lemma is true for all characteristic functions. The general result fol-
lows by limiting procedures. m]






26. Uniqgueness of Ofusion
Process

IN THE LAST section we proved that 205

t t
W) =X+ | (o(sé(sw),dB(sw) + | b(s (sw)ds
! !

has a solution under certain conditionslmando- whereso* = a. The
measurePy, x, = Pft},lxo was constructed orC([to, 0); RY),.%,) so that
the mapX(t,w) = w(t) is an Itd process with parametdranda. We
now settle the uniqueness question, about tieslon process.

Theorem . Let

() a:[0,00) xRY - S¥and b: [0,00) x RY — RY be bounded
measurable functions;

(i) @=C(0,);R%;
(i) X : [0, ) x Q — RY be defined by &, w) = w(t);
(iv) Xi=0{X(s):0<s<t);
(v) P be any probability measure on
o[
t=0

211
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such that RX(0) = xo} = 1 and X is an Itd process relative to
(Q, X, P) with parameters , X;) and dt, X;);

(vi) o :[0,00) x RY = Mgxn be a bounded measurable map into the
set of all real dx n matrices such thato* = a on[0, o) x RY.

206 Then there exists a generalised n-dimensional Brownian mgtion
on (©, 3, Q) and a progressively measurable a.s. continuous ghap
[0, ) x Q — RY satisfying the equation

t t
1) LW =%+ f (o(s f (s W)). d3(s W) + f b(s £(s W)ds
0 0

with Q¢~1 = P, whereg : Q — Q is given by(&(W))(t) = &(t, W).

Roughly speaking, any Itd process can be realised by means of a
diffusion process governed by equatibh (1) with* = a.

Proof. Case (i).Assume that there exist constanisM > 0 such that
ml < a(t, x) < Ml ando is ad x d matrix satisfyingoo* = a. In this
case we can identify(Z, 3, Q) with (Q, %, P). SinceD(t,-) is an Itd
process,

t t
exp0, X() - [ (0.b(s X(s Pds- 5 [ (6.a(s X(s )exds
0 0
is a @, .%;, P)-martingale. Put
t
Y(t,w) = X(t,w) — fb(s, X(s,w))ds— Xo.
0

Clearly Y(t,w) is an Itd process corresponding to the parameters

[0, a(s, Xs)],



213

0 that

t
exp, Y(t,w)) — % f 0,a(s, X(s,-))ods
0

is a @, .%, P)-martingale. The conditions < a < M imply thato1
exists and is bounded. Let

t t

n(t) = f oY = f o1(s X(s NAY(s ),

0 0

so that (by definition of a stochastic integralls a , .%#;, P)-Itd pro- 207
cess with parameters zero amd'a(c—!)* = 1. Thusy is a Brownian
motion relative to Q, %, P). Now by change of variable formula for

stochastic integrals,
t t
fa'dnz fa'a'_ldY
0

0
=Y(t) - Y(0) = Y((t),
sinceY(0) = 0. Thus

t t

X(t) = %o + f (s X(s ))d + f b(s X(s )ds
0

0
Taking Q = P we get the result.

Case (ii).a=0,b=0,xp = 0,0 = Owheres € Mgxn. Let (Q*, .7, P¥)

be ann-dimensional Brownian motion. Define

@ ),Q=(@xQ", Fix F,PxP).
t

If B is then-dimensional Brownian motion o€, .%;*, P*), we de-
fine B on Q by B(t,w,w*) = B(t,w*). It is easy to verify thap is an
n-dimensional Brownian motion oY, 3, Q). Taking&(t,w, w*) = xg
we get the result. m]
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Before we take up the general case we prove a few Lemmas.

Lemma 1. Leto : R" — RY be linearco* = a : RY — RY; then 208
there exists a linear map which we denotedby : RY — R" such that

o lar™ = nne, Whererr denotes the projection and,Null space of

.

Proof. Let R, = range ofo. Clearlyo : Nx — Ris an isomorphism.
Lett: R, — Nf be the inverse. We put

cl=7100:R, &R 5> Nt @ N,.
O

Lemma 2. Let X, Y be martingales relative (&, .%;, P) and(Q, .Z, P)
respectively. Then Z given by

Z(t,w, W) = X(t, w)Y(t, W)
is a martingale relative to
QX Q, F X Z1,PxP).
Proof. From the definition it is clear that for evety- s
f Z(t, w, W)d(P x 5)|ﬁsx% = f Z(s,w,W)d(P x P)
AxA AxA
if Ae .ZsandA e .Z . The general case follows easily. O
As a corrollary to LemmBl2, we have

Lemma 3. Let X be a d-dimensional Itd process with parameters b and
arelative to(2, #, P) and let Y be al-dimensional Itd process relative
to (Q, 71, P) relative tob anda. Then 4t, w,w) = (X(t,w), Y(t,W)) is a

(d + d)-dimensional Ito process with parameters=B(b, b), A = [ 3]
relative to(Q x Q, % x .7, P x P).
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209 Lemma 4. Let X be an Itd process relative {Q, %, P) with parame-
t

tersO and a. Ifg is progressively measurable such the(thEH|2,ds) <
0

t
o0, Yt anddas” is bounded, therf (9, dX) € 1[0, 6ag*].
0

Proof. Let 6, be defined by

. |e, ifler<n,
" lo, otherwise:

t
Then [(6h, dX) € 1[0, 6nad;]. Therefore
0

t 2 t
Xn(t) = exp@ f<9n’ dX) - % f(gn, afn)ds
0 0

is a martingale converging pointwise to
t t

2
X(t) = exp[/l f(@,dX) - % f<9, a@)ds].

0 0

t
To prove thatf (6,dX) is an Itd process we have only to show that

0
Xn(t) is uniformly integrable. Without loss of generality we may assume

thatd = 1. Let [0, T] be given
[ t t
2 f(gn’ dX> - f(gn’ agI'I)ds“]
L o 0

[ t t
L 0 0

],

E(X3(t,w)) = E|ex

o

t
+ f{@n, ady)ds
0
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< e’ sup(n, ath).

o<t<T
210 But (8, ag*) is bounded and therefoké,, ady,) is uniformly bounded
in n. Therefore X,,) are uniformly integrable. ThuX(t,-) is a martin-

gale.
Case (iii). Taked = 1, and assume that

t

fa‘l)((,»o)ds < oo, V1
0

with a > 0; leto = +ve squareroot od. Define Yo = 1/o if o > 0O,
and Yo =0if o = 0. Let

t
YO = X0 -0~ [ bsX(9)ds
0
Denote byZ the one-dimensional Brownian motion dd*( .%", P*)
whereQ* = C([0, =), R). Now

Y € 1[0, a(s, X(s,*))], Z € 1[0, 1].
By Lemma[3,

Y,2) el ((o, 0); (g 2))

t
1
n(t, w, W) = J((m)((mow(a:o,d(\ﬂ Z)))

then Lemmd&M shows that
n € 1[0, 1].

Thereforen is a one-dimensional Brownian motion 6h = (Q x
QF, F x F, P x P). Put

Y(t,w,w*) = Y(t,w) and X(t,w,w*) = X(t, w);



217

211 then
t t 1 t
fO'dnz fa‘;)((o->o)dY+fO')((o-:0)dZ
0 0 0
t
= fX((DO)dY-
0
Since

(ool e

0 0

it follows that
t t
fUdﬂ = de = Y(t) = Y(t, w, w).
0 0
Thus,

t
Xt w, W) = X0+ f (s, X(s W, w)dly+
0

t
+ fb(s, X(s, w, w")ds
0

with X(t, w, w*) = X(t, w). Now
(P x PYX (A) = (P x P)(Ax Q) = P(A).
Therefore

(PxPHX =P o QX ‘=P
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Case (iv).(General Case). Define
t
Y(t) = X(0) - r0- [ bs X(s )ds
0
ThereforeY € [0, a(s, X(s, -))] relative to , %, P). LetZ be the 212
n-dimensional Brownian motion o), .%;", P*) where
Q" = C([0, ); Ry).

a(s, Xs), 0”

v,2) | [(O, 0); 0 |

Let o be ad x n matrix such thatro* = aon [0, o) x RY. Let

t t
ptww) = [ s XsmiaYsw + [ ny (s Zew)dzs w)
0 0

t
- f (o8 X(8 W), 1 (8 Z(5. W))). (Y. 2)).
0

Thereforen is an Ito process with parameters zero and

o
A= mi(g (%]

= o ta(c )" + TN, TINE -
=N, + N,  (for any projectionPP* = PP = P)

= Ign.

Thereforen is n-dimensional Brownian motion on

(Q, 7, P) = (Qx Q", F x T, P x PY).
t

f (. X(s w))dn(s, W, W)

o
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t
- f (s X(s w, w))dn(s W, W), whereX(s w,w") = X(s w).
0
t

t

zfa'a'_ldY+fa'7TN(rdZ

0 0
t

= fﬂ'RﬁdY, sinceco! = g andony, =0,
0

= ft (1- g )dY.
0

o 213

t
Claim. [7g, dY = 0.
0

For

E [ ft nRUdY]Z

0

Therefore we obtain
t t
[ ots xtswydnsww) = [av =Y - ¥(©) = Y0
0 0
putting Y(t, w, w*) = Y(t, w), one gets

t
(W, W) = %0 + f (s X(s w, w))dn(s, w, W)
0
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t
+ | b(s X(s,w,w"))ds
/

As in Case (iii) one shows easily that
(PxPYX =P
This completes the proof of the theorem.

Corollary . Let a: [0,00) x R — S¥, and b: [0,00) x RY — Rd

be bounded, progressively measurable functions. If for some choice of
a Lipschitz functior : [0, ) x RY — Mgxn, oo* = a then the Itd
process corresponding {d, a) is unique.

214 To state the result precisely, IBf and P, be two probability mea-
sures onC([0, «); RY) such thatX(t,w) = w(t) is an Itd process with
parameterd anda. ThenPy = Ps.

Proof. By the theorem, there exists a generalisedimensional Brow-
nian motiong; on (Q;, Yt, Qi) and a magF; : Q; — Q satisfying (for
i=12)

t t

=0+ [ o(saewdsew + [ bs(sw)ds
0

0

andP; = Q,gl_l
Now o is Lipschitz so that; is unique but we know that the iter-
ations converge to a solution. As the solution is unique the iterations
converge t&. Each iteration is progressively measurable with respect
to
{ = o{Bi(9); 0 < s< t} so that§ is also progressively

measurable with respectﬁ{. Thus we can restate the result as follows:
There existsQ;, .-#{, Qi) and a mag; : Q; — Q satisfying

t
GLW) = %0+ f (s &(s W)dBi(s W)
0
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t
+ [ b(s éi(s,w))ds
/

andP; = Q,fl_l
(@i, .7, Qi,Bi) can be identified with the standard Brownian motion
Q*, .7, Q,B). ThusPy = Q&1 = P,, completing the proof. ]






27. On Lipschitz Square
Roots

Lemma.Let f: R — R be such that §x) > 0, f(x) e C>and|f”(x)| < 215

A on(—co0, ); then
1)) < VF(X) V2A.
Proof.

(y-x)?
2

0<f(y) =)+ (y-2f(x)+ ()

ZZ
<f()+ZF(X)+ > (&)

2
whereZ =y —x, or f(y) < f(x) + Z'(X) + % Therefore

2
AZ +Zf'(X)+ f(x) >0, VZeR

2
1/ ()12 < 2A f(x).

So
1f/(X)| < V2Af(x).

O

Note. If we take f(x) = X2, we note that the constant is the best possible.
Corollary . If f >0, |f”] <A, then

IV(f(x0)) = V(f(x2)) < V(A/2)x1 = Xl.

223
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Proof. Lete > 0, theny/(f(X) + €) is a smooth function.

o P (e
V) +e) = 50010 - 2VF@ + o'

Therefore

I(V(F(9) + )| < V(2A/2) < V(A/2),

or
W(f(x0) + €) = V(T(X2) + €)l < V(A/2)Ix1 = Xel.
216
Lete — 0 to get the result.
We now consider the general case and give conditions on the matrix
a so thato defined byoo* = ais Lipschitz. O

Theorem .Leta: R" — Sg be continuous and bounded@unction
such that the second derivative is uniformly bounded||DgD; ajj|| <

M, where M is independent of i, j, r, D, = %). fo:R"— Siis
the unique positive square root of a, then

llo(X1) = o (X)Il < AlXy = Xol, VX1, X2, A= A(M, d).
Proof.

Step 1.Let A € S be strictly positive such thait — Al < 1. Then

VA=V -(-A)
= &(I -A),
rl
r=0
so that on the setA : ||l — A| < 1} the mapA — A is C* (in fact

analytic).
Now assume thaf is any positive definite matrix. Lety,..., A,
be the eigen values so that > 0, j = 1,2...n. Thereforel — €A is
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aymmetric with eigen values 4 e1j. By choosinge sufficiently small
we can make

I — €All = maX{1 - edy,..., l-etn) <1l

Fixing such are we observe that
_1 L

VA Ve Ve

V(eA) = —V(I = (I - €A)).

217
So the mapA — +/A is smooth on the set of symmetric positive
definite matrices.

Step 2.Letn = 1, o(to) = v(a(tp) wherea(tp) is positive definite. As-
sumea(tp) to be diagonal so that(tp) is also diagonal.

D i) = aw().
i

Differentiating with respect tbatt = ty we get
Z aij(to)oy(to) + Z i (to) jk(to) = & (to)
j j

or
Vaii (to) oy (to) + Vawk(to)ori (to) = & (to)

or

a'i/k (tO)
V(@i (to)) + V(a(to))

Since the second derivatives are boundedMyahda; —2a;; +a;; >
0, we get

la (t) + 2ay) (1) + aj; (D] < V(BM)V/(ai (t) + 2a;(t) + ajj(1))
< V(BM)v2v(ai + aj))(t)

o i,k (to) =

or

(1) 85 () + 2850 + & ()] < 4YM(vai + V).
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Sincea is non-negative definite,
lai; (O] < V(M) /(@i (1)), ¥i.
substituting this in[{1), we get 218
la; ()] < 4VM(Vai + Vajj),

and hence
o (to)] < 4V M.

Step 3.Let a(ty) be positive definite and- its positive definite square
root. There exists a constant unitary matrisuch thatra(to)a~* = b(t)
is a diagonal positive definite matrix. Lafty) be the positive square
root of b(tg) so that

Ato) = ao(to)at.

Thereforeo (to) = (o~ 12" @)(to) where ¢ (to)); i = ai’j (to) and
a” (to) = (1" @)(to).
Sincea is unitary.
Al = llerdl, 111 = 1[I = llo”I.
By hypothesis||b”|| = ||a”’|| < C(d) - M. Therefore

4]l < 4V(MC(d)),

llo”ll < 4V(MC(d)).
Thus|lo(t1) — o(t2)ll < It — 2|C(M, d).

Step 4.Leta : R — S} ando be the unique non-negative definite
square root oa. For eache > O leta, = a+ €l, o = unique positive
square root of,. Then by step 3,

lloe(ts) — oe(t)ll < C(M, d)its — to.
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If ais diagonal then it is obvious that. —» o ase — 0. In the
general case redueeto the diagonal form and conclude that — o
219 Thus
llo(t1) — o(t2)ll < C(M, d)|ty — to.

Step 5.Leta: R" > S} ando? = a, with ||D;Dsajjll < M, ¥x, i, j; T,
sx €R". Choosex;, X, € R". Letx; = y1,V¥2,...,Yne1 = X2 be 0+ 1)
points such thay; andy;, differ almost in one coordinate. By Step 4,
we have

™) llo(yi) — o (Yir)ll < Clyi = Visal-
The result follows easily from the fact that
n
Xl = 1%l and Xl = (xg + -+ Xo) 2
i=1

are equivalent norms.
This completes the proof of the theorem.






28. Random Time Changes

LET 220
1 & d
L=z . b —
2 izj:a”amax,— " ZJ: I9%;

with a: R? — S andb : R? — R bounded measurable funcitons. Let
X(t,-), given byX(t, w) = w(t) for (t,w) in [0, o) x C([0, c0) : RY) be an
Itd process corresponding tR(.%;, Q) with parameterd anda where

Q = C([0, ); RY). For every constart > 0 define

L=c|2 Y a2+ Yt
"= 2 4 Maxax T 247

Define Q. by Q. = PT;! where Tcw)(t) = w(ct). Then one can
show thatX is an Itd process corresponding to, (%#;, Qc) with param-
eterscb andca[Note: We have done this in the case whaye= 6jj].

Consider the equation

ou

i Lcu  with  u(0, X) = f(X).

This can be written aau = Lu with u(0, x) = f(xX) whent = ct.
Thus changing time in the Eﬂérential equation is equivalent to stretch-
ing time in probablistic language.

So far we have assumed thais a constant. Now we shall allow
to be a function oik.

229
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Let¢ : RY — R be any bounded measurable function such that
0<Ci<¢(X) <Cy<oo, V¥YxeRY

and suitable constan€; andCo. If

1 32 d
=12) a; bj —
L [ZZa'JaXi(?Xj +Z JGXJ']

221 we define

Ly=¢L=¢

}Z . & _,_Zb.i
2 21 % gxax; o |

In this case we can say that the manner which time changes depends
on the position of the patrticle.
DefineT, : Q — Q by

(Tpw)(t) = W(rt(w))
wheret(w) is the solution of the equation

Tt

ds _
J o)

_ 1 1
AsC; < ¢ < Cyitis clear thatTtC— <t< TtC—. Wheng¢ = ca
1 2
constant, them; = ctandT, coincides withT,.
As

A
1
0<Ci<op<C 00, —d
<hasgstec< 0f¢(w(s)) s

is continuous and increases strictly from Ostoas increases, so that
Ty exists, is unique, and is a continuous functiort fafr each fixedw.

Some properties of T

(i) If I'is the constant function taking the value 1 then it is clear that
T, = identity.
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222 (i) Let ¢ andy be two measurable funcitons such that @ < ¢(X),
Y(X) <b<eo,¥xe R ThenTyo T =Ty, =Ty o Ty,

Proof. Fix w. Letr; be given by

Tt l
——ds=t.
Of e 5"

Letw*(t) = w(ry) and leto; be given by

gt l
Of s =t

Letw* (t) = w*(ot) = W(t,). Therefore

((Ty o Tew)() = (Tew)(t) = W' (o)
= W7 (t) = W(ts,).

Hence to prove the property (ii) we need only show that

fLLd
. pW(9)) y(W(g)

Since .
1 dt 1
—d = t’ _ =
Of O L)
and
i _ 1 _ 1
doy  y(Wi(or)  v(W(re)
Therefore
dTo't _ dTo't dO't _
= Gt = YW (@)

= ¢(W(T0't )‘/’(W(Tm )
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= (o) (W(7e))-
223
Thus
ot L
————ds=t.
!wwmw)s
This completes the proof. O

(i) From (i) and (ii) it is clear thafrq;l =Ty1 wherep™t = %

(iv) (7y)is a stopping time relative tg. i.e.

2
W f;dsz r € A for eacha > 0.
. p(W(s))

(V) Te(W)(t) = W(Tew) = X (W).
ThusTy is (% — Z+,)-measurable, i.e'I.'qgl(%) C Fr,.

Since X(t) is an Itd process, with parametdrsa, Vf € Cg"(Rd),
t
f(X(1)) - f(Lf)(X(s))dsis a martingale relative ta), .%#;, P). By the

0
optional sampling theorem
faa—fummwm
0

is a martingale relative tay, .7;,, P), i.e.

t
faa—fummwmu
0
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. : . d
is a martingale relative td), .%,,, P). But ﬁ = ¢. Therefore

t
F(X(r) - f (LF)(Xe)d(Xe )
0

is a martingale. 224
PutY(t) = X;, and appeal to the definition &f; to conclude that

t
FY(D) - f (LoF)(Y(9)ds
0

is a martingaleY(t,w) = X (w) = (Tsw)(t). Let.Z; = o{¥(s):0<s<
t}. Then.Z, = T, (%) C F=,. Thus
t
LORNIEHIOE

0

is a martingale relative taY, .%;, P). DefineQ = Pqul so that

t
FOX(®)) = | (Lo F)(X(g))ds
/

is an Q,.%;, Q)-martingale, i.eQ is an Itd process that corresponds
to the operatopL. Or, Pdel is an Itd process that corresponds to the
operatorpl.

We have now proved the following theorem.

Theorem .LetQ = C([0, 0); RY); X(t, w) = w(t);
1 02 0
L==Yaj——+ ) bj—.
ZiZja”(?Xian +Z J(9Xj

Quppose that ) is an 1td process relative {12, %, P) that corre-
sponds to the operator L. Lét< C; < ¢ < C, whereg : RY - R 225
is measurable. If Q= Pqul, then Xt) is an Itd process relative to
(Q, %, Q) that corresponds to the operatet..



234 28. Random Time Changes

As0 < Cy < ¢ < Cy,wegetO< 1/Cy < 1/¢p < 1/Cq with
Tg-10 Ty = I. We have thus an obvious corollary.

Corollary . There exists a probability measure P Qrsuch that X is an
Itd process relative tqQ, .%;, P) that corresponds to the operator L if
and only if there exists a probability measure Q@rsuch that X is an
Ito process relative t¢Q, .%;, Q) that corresponds to the operatot..

Remark. If C, > ¢ > C; > 0 then we have shown that existence and
uniqueness of an Itd process for the operatguarantees existence and
unigueness of the Itd process for the operatbr The solution is no
longer unique if we relax the strict positivity dgy as is illustrated by
the following example.

1 02 :
Letgp = a(x) = |[X|* A L where O< @ < 1 and letL = §a¢9_x' Define

90 on{C([0, o0); R)} by

1, if 0eA VAe
0, if 6¢A

whered is the zero function on [@0).

00(A) = {

Claim. ¢g is an Itd process with parameters 0 andror this it is enough
to show thaty f € C7’(R)

t
fX(1) - f (LT)(X(s))ds
0
226 is a martingale, using(0) = 0, it follows easily that
t
f f (LF)(X())derddp = O
A0
¥ Borel setA of C([0, ); R) andf f(X(t))dsg =0if 9 ¢ Aand
A

f F(X()ddo = £(0)
A
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if € A, and this is true/t, showing thaX(t, w) = w(t) is an Itd process
relative tosg corresponding to the operatbr

Next we shall defind, (as in the theorem); we note thif cannot
be defined everywhere (for examglg(d) is not defined). However,
is defined a.eP whereP = Py is the Brownian motion.

t t o
1 1 1 -y
EP ds :ff— e=dy ds<
[O X(SF ] J )y Y

since O< a < 1. Thus by Fubini’'s theorem,

t
1
f—ds<oo a.e.
. Iw(s)|*

Takingt = 1,2,3..., there exists a s&* such that’(Q*) = 1 and

t

f ds< oo, Vi, YweQ*
Iw(s)|*
0

Observe that .
f IW(S)I"
0
implies that
t
1
f w(s)[* A 1OIS =
0
for

t

f ds 3
W(s)e Al
0

ds ds
- f w(s)l* A1 * f w(s)le” ™

[OtH{Iw(g)l*>1} {Iw(s)l*<1}[0.1]

227
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1

ds<
wEer

t
< m{(w(s)|* > 1[0, t]} +
|

(m = Lebesgue measure)

Thus T, is defined on the whole d2*. Using the same argument
as in the theorem, it can now be proved tiat an Itd process relative
to Q corresponding to the operatbr Finally, we show thaQ{6} = 0.
Qlo} = PT;Y{#}). Now: T;16) = empty. For, lew € T;{6). Then
w(ry) = 0, Vt, w € Q*. Since|r; — 74 < |t — 9, one finds that is a
continuous function of. Furtherr; > 0, andw = 0 on [Q 71] gives

T1 l

—  ds=
f WAL
0

This is false unles3$;1{6} = empty. ThusQ{s} = 0 andQ is differ-
ent fromdo.



29. Cameron - Martin -
Girsanov Formula

LET US REVIEW what we did in Brownian motion with drift. 228
Let (Q, .#, P) be ad-dimensional Brownian motion with

Piw:w(0)=x} =1

Letb: RY - RY be a bounded measurable function and define

t t
Z(@t) = exp[f(b,dx} - %f|b|2ds].
0 0

Then we see thal(t,-) is an Q, %, P)-martingale. We then had a
probability measur® given by the formula

dQ

apls =20

We leave it as an exercise to check thatfiieet X is an 1td process
relative toQ with parameterd andl. In other words we had made a
transition from the operatak/2 to A/2 + b - V. We now see whether
such a relation also exists for the more general opetator

Theorem .Leta: RY — S§ be bounded and measurable such that
a > Cl for some C> 0. Let b: RY — RY be boundedQ = ([0, «0); RY),
X(t,w) = w(t), P any probability measure of2 such that X is an Itd

237
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process relative t¢Q, .%;, P) with parameterd0, a]. Define @ on .%

by the rule
dg ; v
—=| = A -1 1 1
dp’gt Z(t,-) exp{f(a b, dX) 2f(b,a b>ds].
0 0
229
Then

(i) {0'}t > Ois a consistent family.

(ii) there exists a measure Q otf||.%):

(iif) X(t) is an Itd process relative t€2, .7, Q) with parametergb, a],
i.e. it corresponds to the operator

ly ..5’_2+Zb.i
2 &M axax; T L ox

t
Proof. (i) Let At) = [(a*b,dX). ThenA < I[0,(b,ab)].
0

ThereforeZ(t) is a martingale relative td, .%;, P) hence{Q'}so
is a consistent family.

(ii) Proof as in the case of Brownian motion.

(iii) We have to show that
t t
explo, X(t, ')>_<9’fbd$_%f<9’ avyds
0 0

is a martingale relative td}, .%, Q).
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Now for any functiord which is progressively measurable and boun-
ded

t t
exp[f((?,dX} —%f{@, agydg
0 0

230 is an Q,.%, P)-martingale. Replacé by 6(w) = 6 + (a b)(x(s w)),
whered now is a constant vector. Then

t t
exp[f(@ +a b, dX)y - % f«) +a b, ag)ds
0 0

is an Q, .%#;, P)-martingale, i.e.

t t t

1 1 1
exp[o, X(t)) — > f (6, a)yds— > f (@b, af) — > f 6, 0)]
0

0 0

is an Q, %, Q)-martingale, and

(@b, ad) = (@a b, 6)
= (aa'b,0) (sincea=a’)
= (b, 0).

Thus

t t
exp[o, X(t)) — % f(@, agyds— f<9, bydg
0 0

is an Q, %, Q)-martingale, i.eX is an Itd process relative t6) .7, Q)
with parameterst, a]. This proves the theorem. m|

We now prove the converse part.

Theorem . Let
82

1
TEES
1 22"‘a*la>qaxj
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and

L=iYa 2 YL
272 LM gxax T Loy

where a: RY — S* is bounded measurable such thataCl for some
C>0b:RY> Rg is bounded and measurable. l@t= C([0, 0); RY)

231 with % as usual. Let be a probability measure om(U.%;) and X a
progressively measurable function such that X is an Itd process relative
to (Q, F, Q) with parameterdb, a] i.e. X corresponds to the operator
L,. Let

t t
Z(t) = exp[- f (@b, dX) +% f (b,a byds].
0 0

Then
() Z(t) is an(Q, %, Q)-martingale.

(i) If Ptis defined onZ; by

dPt
E’f% = Z(1).

Then there exists a probability measure P@fu.#;) such that

d%:#

(i) Xis an Itd process relative s, .%#;, P) corresponding to param-
eters[0, a], i.e. X corresponds to the operatoi.L

Proof. (i) Let

t
At) = f (-a~th,dX).
0

ThenA(t) is an 1td process with parametets- b, by, (a~1b, b)].
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Thus
t 1 t
expl[A(t) - f(—a‘lb, byds— > f(a‘lb, byds]
0 0
is an Q, %, Q)-martingale, i.eZ(t) is an Q, .%#;, Q) martingale.
(i) By (i), P! is a consistent family. The proof that there exists2a2

probability measur® is same as before.
SinceX is an Itd process relative Q with parameterd® anda,

t t t
exp[f(@,dX)—f(H, b>ds—%f<6, ag)dg
0 0 0

is a martingale relative tQ for every bounded measuralsleReplaced
by A(w) = 6 — (@ b)(X(s, w)) whered now is a constant vector to get

t t t
exp[(8, X(t)) — f (ath,dX) — f (6,b) + f (a~tb,byds-
0 0 0

t
—% f(@ —a b, af — byds]
0
is an Q, .%#;, Q) martingale, i.e.

exp[8, X) — f (@b, dX) — f (0, byds+ f (@b, byds-

- f<9 af)ds— > f<a‘1b byds+ 2 f<9 bjdst

+ f (@b, andg
0
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is an @, .%, Q) martingale. Leb € RY, so that
1 t 1 t 1 t
exp[(, X) — 5 f (6, byds— 5 f (0, a0)ds + > f (a b, a0)ds|Z(t)
0 0 0

is an Q, %, Q)-matringale and
(alb,a) = (b,0) (sincea=a").

Therefore

t
1
expl0.) - 3 f (6, a0)d32(1)
0

is an Q, %, Q) martingale.
P
Using the fact thatj—Q| 5 = Z(t), we conclude that
't

t
exp[o, X) — % f(@, agydg
0
is a martingale relative td), %, P), i.e. X € |[0, @] relative to
(Q, #, P).
This proves the theorem. O

Summary. We have the following situation
L1,Q, %, Q= C([0,»);RY), Lo, Q, F.

P a probability measure X is an Itd process relative
such thatX is an It Pro- to a probability measur®
cess relative toP corre- | = corresponding td,. Q is

sponding to the operatof given byg_g 5= Z(t, ")
t

L;.

X is an Itd process relative Xis an Itd process relative

to P corresponding tol; — to Q corresponding td.,.
dP 1

where—| =—

dQlz ~ Z(t, )
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Thus existence and uniqueness for any system guarantees the exis-
tence and uniqueness for the other system.

Application. (Exercise). 234

Taked = 1,a: R — szounded and measurable with<0C; <

ao 0 . .
a<Cy <o LetL = ;—— + b—. Show that there exists a unique

X X
probability masureé® on Q = C(]0, o); R) such thatX(t) is Itb relative
to P corresponding td.. (X(t, w) = w(t)) for any given starting point.






30. Behaviour of Dffusions
for Large Times

LET L, = A/2+b-VWITH b : RY - RY measurable and bounded3s
on each compact set. We assume that there is no explosiBr.idfthe
d-dimensional Brownian measure 6éh= C([0, c0); RY) we know that
there exists a probability measu@g on Q such that

t

t
_ 1 2
t_explf<b,dx>—§f|b| ds}
0

0

dQ«
dPy

Let K be any compact set iR with non-empty interior. We are
interested in finding out how often the trajectories visiand whether
this ‘frequency’ depends on the starting point of the trajectory and the
compact sekK.

Theorem .Let K be any compact set &' having a non-empty interior.
Let

EK = {w: w revisits K for arbitrarily large timep
= {w: there exists a sequenced t; < - < o
with t;, — oo such that t,) € K}

Then,

either Q(EK) = 0, Vx, andVK,
or QuEK) =1, vx, andVK.

245
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Remark. 1. Inthefirst caste lIMX(t)] = +o0 a.e.Qy, YX, i.e. almost
—+00
all trajectories stay withik only for a short period.

236 These trajectories are callé@nsient In the second case almost
all trajectories visitK for arbitrary large times. Such trajectories
are calledecurrent

2. If b = 0 thenQy = Py. For the casel = 1 ord = 2 we know
that the trajectories are recurrent. df> 3 the trajectories are
transient.

Proof.

Step 1.We introduce the following sets.

Ey = {w: X(t,w) € K for somet > 0},
Ef = {w: X(t,w) € K for somet > to}, 0 < tg < co.

Then clearly

[ee)

EX = )ES =) ES

n=1 to>0

Let

Y(¥) = Qu(EK), F = xex.
EX(FI) = E¥(vex|9) = Qx(EX)
by the Markov property,

= y(X(1)) a.e.Qx.
Next we show thaty(X(t)) is a martingale relative tQy. For, if
S<t,
EX (W (X(®)IFs)
= E¥(EX(FIF)IFs)
= E%(F|7)

= Y(X(9)).
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237 Equating the expectations at time- 0 and timet one gets

() = | Y(X())dQx
|

- f YAt X, Y)dy.

whereq(t, x, A) = Q,(X% € A), YA Borel inRY.
We assume for the present thatx) is continuous (This will be
shown in Lemm&M in the next section). By definitiogx @ < 1.

Step 2.4(X) = 1, Yxory(x) =0, ¥x.
Suppose that(xg) = 0 for somexy. Then

0=ux0) = [ v)alt. xo.y)ly.

As g > 0 a.e. ands > 0 we conclude that(y) = 0 a.e. (with respect to
Lebesgue measure). Singeés continuousy must vanish identically.

If ¥(x0) = 1 for somexy, we apply the above argument to-1ly
to conclude thaty = 1, Yx. We now show that the third possibility
0 < y¥(X) < 1 can never occur.

SinceK is compact ang is continuous,

O<a=infy(y) <supy(y) =b< 1
yeK yeK

From an Exercise in the section on martingales it follows that
Y(X(1) > xgx ae. Qx as t— +oo.

Thereforet_l)ioryw(X(t))(l —¥(X(t))) = 0 a.e.Qx. Now

¥(%0) = Qy(EK) = Qyfw : W(t) € K for arbitrary large timg
< Qyfw: a < y(X(t,w)) < bfor arbitrarily large timep
< Qu{w: (1 -b)a < y(X)[1 -y (X(1)] < b(1-a)
for arbitrarily large time}s



248 30. Behaviour of Ditusions for Large Times

=0.

238
Thusy(x) = O identically, which is a contradiction. Thus for the
given compact sef,

either Qu(EX) =0, vx,
or QEK) =1, vx

Step 3.If Q(EX°) = 1 for some compact s&o(lzo # 0) andVx, then
Q«(EK) = 1, Y compact seK with non-empty interior.

We first given an intuitive argument. Suppo@a(Eo’i") =1, ie.
almost all trajectories visiKg for arbitrarily large times. Each time a
trajectory hitsKp, it has some chance of hittirtg. Since the trajectory
visits Kq for arbitrarily large times it will visitK for arbitrarily large
times. We now give a precise arguent. Let

T0 = il’lf{t . X(t) € Ko}
Ti=inf{t>tg+1 X(t) € Ko}

Th = Il’lf{'[ > tn_l +1: X(t) S KO}

Clearlytg < 71 < ... <andr, > n.

Q(EX) > QuiX(t) e K for t > )

> QdX(t) e Kforte | Jirj,7j+1])

j=n

=1- Qx{ﬂxa) ¢ K forte [rj,7j + 1]}

j=n

> 1—Qx{ﬂxm +1)e K}

j=n
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We claim that

QA )X+ eK) =0,

j=n

so thatQy(EX) = 1 for everyn and henceQy(EX) = 1, completing the
proof of the theorem.
Now

o

q(1, x, K) > q(1, x, IZ) >0, Vx K interior of K.

It is clear that ifx, — X, then
lim a(L, X, K) > q(L, %, K).

Letd = in}! g(1, x, K). Then there exists a sequenggin Ko such
XeKo

thatd = nLt a(1, Xn, }O<). Ko being compact, there exists a subsequence
Yn Of Xy with y, — xin Ko, so that

d = lim q(1,x K) = lim q(L, yn, K) > q(L, x, K) > 0.

Thus
inf g(1,x,K)>d>0.
xeKo

Now
N
[ [X@i+1)¢ K7,
j=n

o
N-1

= | [ x(X(zj + 1) ¢ K)Qx(X(rn + 1) € K|.7;,) because

]=n

ti+1l<7ty for j<N,

-1

= | [Gexri+) 2 K)Qxry)(X(1) ¢ K) by the strong

pd

I
=}
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Markov property,
N-1
a(L X(rn), K) x(x(rj+1)eK)-
j=1
240
Therefore
N
Qx[ﬂ X(rj+1) ¢ K]
j=n
N
= EQ(Qu[ | X(rj + 1) # Kly)))
j=n
N-1
= EX [H(X[X(Tj+1)€K])Q(1> X(Tn) KC)J
j=n
SinceKg is compact anX(ry) € Ko,
g1, X(7n), K®) = 1-q(1, X(rn),K) < 1-d
Hence
N-1
Qx(ﬂ X(rj+1) ¢ K] <(1- d)Qx[ﬂ X(rj+1) ¢ KJ
J=n j=n
Iterating, we get
N
Qx[ﬂ X(rj +1) ¢ K] <(@-dN™1 VN
j=n
241 LetN — oo to get

Qx[ﬂ X(rj+1) ¢ K] =

j=n

since 0< 1-d < 1. Thus the claim is proved and so is the theorem.
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Corollary . Let K be compactl.z # 0. Then Q(EK) = 1if and only if
QuEK) = 1, vx.

Proof. SupposeQx(EX) = 1; thenQu(Ef) = 1 becausé€EXEf. Sup-
poseQy(EX) = 1, then

Qu(ER) = EX(E(vex |- Fn))
= E(Qx(n)(EK))
= E%(1)
=1 Vvn.

ThereforeQy(EX) = 1. O
Remark. If Qx(EX) = 0 then it need not imply that
Qx(Eg) = 0.
Example.Takeb = 0 andd = 3. LEtK = S; = {x € R? such that
|X| < 1}. Define
1, for |X<1,
win = {ﬁ for :x: > 1

Px(EX) # constant buP,(E) = 0. In fact, Px(EK) = w(X) (Refer
Dirichlet Problem).






31. Invariant Probability
Distributions

Definition. Let {Py},crd be a family of Markov process on 242
Q = C([0, c0); RY)

indexed by the starting points with homogeneous transition probabil-
ity p(t,x, A) = Py(X € A) for every Borel sefA in RY. A probability
measurg: on the Borel field ofRY is called arinvariant distributionif,
VA Borel inRY.

f p(t. X, A)du(x) = u(A).
Rd

We shall denotel p(t, X, y) by p(t, x, dy) or p(t, X, y)dyif it has a den-
Sity.

Proposition .Let L, = A/2 + b - V with no explosion. Let Qbe the
associated measure.{lQy} has an invariant measugethen the process
is recurrent.

Proof. It is enough to show that iK is a compact set with non-empty
interior then

QX(EIO<O) =1
for somex. Also Qx(Ef) > Qx(% € K) = q(t, x, K). Therefore

u(K) = f ot x, K)du(x) < f QEN)du(¥).

253
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Now, 0 < Qx(EK) < 1 andQ(EK) decreases tQ«(EK) ast — .
Therefore by the dominated convergence theorem

u(K) < f QuEX)dhu().

If the process were transient, thé;n((Efon) = 0, ¥n, whereS, =
{x e RY:|x < n},ie.u(Sn) = 0,Vn. Thereforeu(RY) = 0, which is
false. Thus the process is recurrent.

The converse of this propositionigttrue as is seen by the follow-

ing example.
2
LetL = 29 so that we are in a one-dimensional situation (Brow-

nian motion). Then

1 ~(xy)
p(t, x, K) = e
Kf V(2nt)

wherea denotes the Lebesgue measureRotf there exists an invariant
distributiony, then

——_A(K),

AK)
K) = f t, X, K)du(x) <
(k)= | pltx K)du(x) < V(Zﬂt) = J72b
Lettingt — oo, we getu(K) = 0V compactK, giving 4 = 0, which
is false. O

Theorem .Let L = A/2 + b - V with no explosion. Assume b to be

C*. Define the formal adjointLof L by L' = A/2-V -b (i.e. L'u =

%Au — V- (bu)). Suppose there exists a smooth funci¢@? - would

do) such that E¢ = 0, ¢ > O, inf ¢pdx = 1. If one defineg by the rule
u(A) = f #(y)dy, thenu is an invariant distribution relative to the family
A

{Qx}-

Proof. We assume the following result from the theory of partiéiedi
ential equations.
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If f € C3(G) whereG is a bounded open set with a smooth bound-
arydG andf > 0, then there exists a smooth functidg : [0, ©)xG —
[0, o0) such that

a(l;tG_LuG on (Q)xG,

Us(0,X) = f(X) on {0} xG,
Ug(t,X) =0, V¥YxeG.

Lett > 0. AsUg, ¢ are smooth ant is bounded, we have

Ua(t, x)qb(x)dx_f%UGws:fquUde

G G G

ot

Using Green'’s formula this can be written as

0Ug

(;311 Ug(t, X)¢(X)dx = fUGL*¢ - % f|:¢— - UG ds+
G G

+ f(b- nNUg(t, X)¢(X)dS

Heren is assumed to be the inward normab@. So,

0Ug

= [ Ust 90dx = -3 f (922 9as

G
(Use the equation satisfied byand the conditions odg). NowUg(t, X)
> 0,¥x e G, Ug(t, X) = 0,¥xin dG, so that
oUg
—(t,x) > 0.
o LX) 2

This means that 245

gt Us(t, X)¢(X)dx < 0, ¥Vt > 0,

G
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i.e. fUG(t, X)¢(X)dx is a monotonically decresing function bfThere-
G

fore

fUG(t, x)¢(x)dxstG(O, X)p(X)dx

G

G

:ff(x)qb(x)dx
G

:ff(x)gb(x)dx
Rd

Next we prove that itJ : [0, c0)xRY — [0, c0) is such tha% = LU,
Yt > 0 andU(0, X) = f(X), then

fU(t, x)¢(x)dxsff(x)¢(x)dx
Rd

Rd

The solutionUg(t, X) can be obtained by using Itd calculus and is
given by

Ua(t:) = [ FOXO)t1re10Qs
We already know that
U(t,x) = f FX(1)dQx.
Therefore
[ utemax= [[ exnsopeax
Now
[ 1xOendagax
ng(t, X)¢(X)dXSff(X)¢(X)dX
y
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Letting G increase t®Y and using Fatou’s lemma, we get

[ fexonsvauax< [ 1eo090x

This proves the assertion made above.
Let

(A = f o(X)dx
A

V(A = f QX € A)du(x) = f (t. x. A)du(x).

Let f € CJ(G), f > 0, whereG is a bounded open set with smooth
boundary. Now

| fopve) = [ st cy)chaay
- [[ 1xraQe
_ f U(t, X)du(%)
_ f U(t, X)()dx
< f F(X)F()dx = f F()du(x).

Thus,¥f > 0 such thatf € C7,

f F()dv(X) < f F(X)du(X).

This implies that/(A) < u(A) for every Borel seA. (Use mollifier 247
sand the dominated convergence theorem to prove the above inequality
for ya whenA is bounded). ThereforgA®) < u(A®), or 1— u(A) < 1-
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u(A), sinceu, v are both probability measures. This giveg®\) = v(A),
i.e.

(A = f ot x Adu(x). Vi,

i.e.u is an invariant distribution.
We now see whether the converse result is true or not. Suppose there
exists a probability measugeon RY such that

f Qu(% € A)du(X) = u(A), YA Borel inRY andVt.

The question we have in mind is whethgR) = f¢dxfor some
A

smoothg satisfyingL*¢ = 0, ¢ > 0O, fgb(x)dx = 1. To answer this we
proceed as follows.

By definitionu(A) = fq(t, X, A)du(X). Therefore

[ roxendauco
=[] 1690t x )ty det

® - [ 1))t € CEIf <1

SinceX is an Itd process relative 1Qx with parameterd andl,

t
FX(®) - f (LH)(X(s))ds
0

248 is a martingale. Equating the expectations at ttnrae0 and timet we
obtain

t
EX(f(X(1) = f(x) + EX [ f (Lf)(X(s))dsJ
0
Integrating this expression with respeciitgives

[ rxnd@auco = [ fo9euew ([ f (LE)X(S)ds dQal
R O
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Using (1), we get

0=j:[funw@mqms¢m
R Q O

Applying equation (1) to the functiobf we then get

t
0=fj@nmwmm
Rd O

-t [(LHO)ke). >0
Rd
Thus
0= [WHOd). V1 eCTE)
Rd

In the language of distributions this just means kit = 0.
From the theory of partial elierential equations it then follows that
there exists a smooth functignsuch thatYA Borel inRY,

u( = [ 60)dy
A
with L*¢ = 0. Asu > 0, ¢ > 0 and since

u®Y) =1, p(X)dx = 1.
/

249
We have thus proved the following (converse of the previous) theo-
rem.

Theorem . Letu be an invariant distribution with respect to the family
{Qy} with b: RY — RY being C°. Then there exists@ e L'(RY), ¢ > 0,
¢ smooth such that

L'¢ =0, j%mw=1
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and such that

u(A) = f #(y)dy, VA Borelin RY.
A

Theorem (Uniqueness)Let ¢, ¢ be smooth oY such that
¢1,42>0,1= f¢1dy= f¢2dy, L"¢1 =0=L"¢,.
Rd Rd
Theng, = ¢,.
Proof. Let f(X) = ¢1(X) — ¢2(X),

/,q(A)zfqbi(x)dx, i=12
A
Thenus, andus are invariant distributions. Therefore

f q(t, x, y)gi(x)dx = f a(t, X, y)dui (X)
=¢i(y), (a.e), i=12

Taking the dfference we obtain

f ot x y) F(Ydx = f(y). ae.

[rtray=[1 [ atxyroooxay

< f a(t, % y)I F(¥idx dy

= f | (x)|dx f a(t, x, y)dy
_ f 1F09ldx.

Now
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Thus
*) f f 1£(9Iq(t. x, y)dx dy= f | f a(t. x.y) f (x)dxdy Vt.

We show thatf does not change sign, i.e.> 0 a.e. orf < 0 a.e.
The result then follows from the fact thﬁtf(x)dx = 0. Now

| f oL x y) F(9dH < f AL x Y)IF (¥ldx

and ¢) above gives

1 [ awxyrooaxay = ([ it xifiex dy

Thus

| f AL % y) F(9dX = f AL x y) f(ldxa.ey,

| a(Lxy)f(dx+ [ a(L, x y)f(x)dx
/ /
:fq(l, x,y)f(x)dx—fq(l, X Y)f(X)dxa.e.y,
E+ E-

where
Et={x:f(x) >0}, E ={x:f(x)<0}, E°={x:f(x) =0}

Squaring both sides of the above equality, we obtain

(**) qu(l, x,y)f(x)dx] qu(l, x,y)f(x)dx] =0, ae.y.

251
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Let A be a set of positive Lebesgue measure; tip€h x, A) =
Px(X(1) € A) > 0. SinceQy is equivalent tdPy, onQ we haveQy(X(1) €
A) = q(1,x,A) > 0. Thereforeq(1, x,y) > 0 a.e.y for eachx. By
Fubini’s theoremq(l, x,y) > 0 a.e.x, y. Therefore for almost al,
g(1,x,y) > 0 for almost allx. Now pick ay such that £x) holds for
whichq(1, x,y) > 0 a.e.x.

We therefore conclude from+) that either

fq(l, x,yY)f(X)dx=0, inwhichcase f<0 a.e,,
B

or
fq(l, x,Y)f(X)dx=0, inwhichcase f>0 a.e.
e

Thusf does not change its sign, which completes the proof. o

Remark. The only property of the operatarwe used was to conclude
g > 0. We may therefore expect a similar result for more general opera-
tors.

Theorem .Let L*¢ = O whereg > Ois smooth and ¢(x)dx = 1. Let K
be any compact set. Then

sup f lat, x,y) —¢(Wldy - 0 as t— +co.
xeK

Lemma 1. Let b be bounded and smooth. For everyR? — R that is
bounded and measurable leftix) = E(f(X(t)). Then for every fixed
t, u(t, X) is a continuous function of x. Further, fopte > 0,

Y 4
w9 - [ u(t—e,y)@expszgyl &

< |1 fllo V(™ (™ - 1)),

252 where c is a constant depending only ..
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Proof. Let

1) (TeF)(X) = EX(F(X() = EP*(f(X(1))Z(e, 1)+
+ EP(F(X1))(Z() - Z(e. 1)),

where

t t
1
Z(t) = exp[ B, dxy — = |b|2ds},
t t
Z(e,t) = exp[ f (b, dx) — % f |b(X(s))|2ds}.

EP(F(X(®)Z(e, 1) = EP(EP(f(X()Z(e D))
= EP(EPe)(f(X(t - €)Z(t - €)))
(by Markov property),
= EPx(u(t - €, X(¢€)).

[ |(x — y)IZ} dy

@ f uet - (x/(27r 9y © 2

Now

(EP(1Z(t) - Z(e. D)) =
= EP(Z(€)Z(e, 1) - Z(e 1))
= EP(Z(e. HZ(e) - 1))
< (EP((Z(e) - 1P)EP(Z%(e. 1))
(by Cauchy Schwarz inequality),
< EPX(Z%(e) - 2Z(€) + 1)EP*(Z%(e, 1))

< EPX(Z%(e) - 1)EPX(Z%(e, 1)), (sinceEPx(Z(e)) = 1),
t t t

< EPx(Z%(e) - 1)EPx(exp(2 f <b,dx>—§ f Ibj%ds + f )]

€ € €
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< EPX(Z%(e) - )™

using Cauchy Schwarz inequality and the fact that

t t
2
EPx(exp(2 f (b, dX) —% f Ibj2ds)) = 1.

Thus
EPX(1Z(t) - Z(e, )I? < (% — 1)e™

wherec depends only ofib||.,. Hence
[EP(f(X®)(Z(1) - Z(e. )] < Il E™(Z(t) — Z(e. D))
(3) < il V(€™ — 1)E%).
Substituting[[R) and{3) ir]1) we get

u(t, X) — fu(t - xp[_lx_ylz] dy
(V(Zﬂ )%) 2e
< Ifllo V(€™ ~ 1)e%)
Note that the right hand side is independenk@ind ase — 0 the

right hand side converges to 0. Thus to show tifgtx) is a continuous
function of x (t fixed), it is enough to show that

1 —Ix - y?
J =i exp[ 2 |

is a continuous function of; but this is clear since is bounded. Thus
for any fixedtu(t, X) is continuous. O

Lemma 2. For any compact set k& RY, for r large enough so that
Kci{x:IX<r}, X—- Qxlrr <Y
is continuous on K for each:t O, where

(W) = inf{s: [w(s)| > r}.
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Proof. Q(r < t) depends only on the cfigientb(x) on|x| < r. So
modifying, if necessary, outside < r, we can very well assume that
[b(x)| < M for all x. Let
77 =inf{s: s> ¢, |W(9)| > r}.
Qu(rf < 1) = E¥(U(X(e))),
where
u(¥) = Qu(rr <t-¢)

As b andu are bounded, for every fixed> 0, by LemmdllQy (7, <
t) is a continuous function of. As

|Qx(t7 < 1) — Qu(rr < 1) < Qx(1r < 6),
to prove the lemma we have only to show that

limit supQx(ry <€) =0
-0 yeK

Now

@msa=\[zwa

{rr<e}
sgﬂam%awlvamsa,

by Cauchy-Schwarz inequality. The first factor is bounded bedaise 255
bounded. The second factor tends to zero uniformlKdrecause

SUpPx(7r < €) < P(sup (w(s)| > 6)
xeK O<s<e
where
6 = inf |(x-Y)I.
yeK
|X|=r.
O

Lemma 3. Let K be compact iiRY. Then for fixed t, Qr, < t) monot-
ically decreses to zero as + oo and the convergence is uniform on
K.
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Proof. Let f;(X) = Qg(rr < t). As{r, <t} decreases to the null sét(x)
decreases to zero. A§is compact, there exists aip such that for >
ro, fr(X) is continuous orK, by LemmdXP®. Lemmfl 3 is a consequence
of Dini’s theorem. O

Lemma 4. Letb: R" — RY be smooth (not necessarily bounded). Then
EQx(f(X(t))) is continuous in x for every fixed t, f being any bounded
measurable function.

Proof. Let b, be any bounded smooth function 84 such that, = b
on|x < r andQ the measure correspondingbio Then by Lemmdl1,
EQx(f(X(t))) is continuous irx for all r. Further,

[E(F(X()) - EX(FXONI < 2lfll - Qx(rr 1),
The result follows by Lemm@a 3. O

Lemma 5. With the hypothesis as the same as in Leriln@&4), is an
equicontinuous family, where

S; = {f : RY - R, f bounded measurabléf|. < 1}

Proof. For anyf in Sy, letU(x) = U(t, X) = E&(f(X(t))) and

ly — w2
X yl]dy.

Uc(X) = U(t, X) = fU(t — €, y)(\/(zﬂ;e)d) exp[ e

By Lemmdl,

U(X) = Ue(¥] < (((6* - 1)e*)*?
|U(X) - U(y)l < |U(X) - UE(X)l + |Us(y) - U(y)l + |U€(X) - Ue(y)l
< 2((€% - 1)) + IUc(¥) — Uc(y)l.

The family{U, : f € S1} is equicontinuous because evéhoccur-
ing in the expression fdd, is bounded by 1, and the exponential factor
is uniformly continuous. Thus the right hand side is very smadl i
small andx — y| is small. This proves the lemma. O
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Lemma 6. Let b be smooth and assume that there is no explosion (b
is not necessarily bounded). Thé®;) is an equi-continuous family
vt > 0.

Proof. Letr > 0 be given. Defing, € C* such thab; = 0on|x| > r+1,
b =bon|x <r, b, : RY - R. By Lemmd®, we have that

(ES(FX)) : f €Sy

is equicontinuous, wher@; is the probability measure correspondings?
to the functionb.

1) E(F(XO)x (e >0) EZ (FXONx e, 51).
Therefore
[EQ(F(X(1))) — E%(f(X))]
= [EQ(F(XOWir,>t) + EX(FXOWir,<0)
— EQ(F(XO)(r,>t) — EF(F(XO)¥tr, <0)
= |[EQ(F (X(O)ir, <) — EZ(F(XOWir, <0)
< N flleo(EX (rimr<t)) + E% (o <t)
< INEX(x (<) + E%(y(r,<p)I(use (1) withf = 1)

= 2EQX(X(TrSt))‘
Thus
sup sup [EX(f(X(t) — E%(f(X®)| < 2 Sufyr <)-
XeK || fllo<1 xeK
By LemméB,

SUpE%(r; <t) - 0

xeK
for every compact séf asn — oo, for every fixedt.
The equicontinuity of the familyg;) now follows easily. For fixed 258
X0, put ur(X) = EQ(F(X(1)) andu(x) = E(f(X(t)) and letK =
9Xo, 1] = {X: |X— Xo| < 1}. Then

Ju(x) — u(Xo)l < IU(X) — ur (X + [u(Xo) — ur (Xo)! + Iur (X) — Ur (Xo)|
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<2 squEQV(X(TrSn)) + [ur (X) — ur (%)l
ye

By the previous lemmdu;} is an equicontinuous family and since

SUPEY(y(r<1)) — 0, {u : |Iflls < 1} is equicontinuous ak. This
yeK

proves the Lemma. O
Lemma7. Ty oTg=Ts VS, t>0.
Remark. This property is called theemigroup property
Proof.
Tr(TsF)(X)
- [[ t@atsy. 200 xay dz

Thus we have only to show that

f ot X y)a(s Y. A)dy = ot + 8 %, A).

qit + s x, A) = EX(X(t + 9) € A)
= EX(X(t + 9) € Al))
= EXEXXOX(S) € A)),
by Markov property
= E(a(s X(1). A)

_ f at. x. y)a(s. y. A)dy.

which proves the result.
259 As a trivial consequence we have the following. ]

Lemma 8. Lete > Oand let S be the unit ball in BRY). Then(J T¢(S1)
t>e
is equicontinuous.
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Proof. U Tt(Sl) T(U Ti(S1)) (by LemmdT)Te(Sy).
The result follows by Lemm@a 6. i

Lemma 9. Let uttx) = E(f(X(t))) with || f|l.. < 1. Lete > 0 be given
and K any compact set. Then there existspga=T To(e, K) such that
YT > ToandVxg, % € K,

(T, x1) —u(T, x2) < €.

Proof. Defineq(t, X1, X2, y1, ¥2) = q(t, X1, y1)d(t. X2, ¥2) and letQx, x,)
be the measure corresponding to the operator

1
= S8 + ) +b0x2) - Vg + D) - Y,

i.e., foranyu: R9xRY - R,

t

2262 +Z bi(Xg,...,Xg

ThenQx,x,) Will be a measure 08([0, co); R x R). We claim that
Q%) = Qx X Qx,. Note that

C([0, 00); R? x RY) = C([0, 00); R%) x C[(0, 20); RY)
and sinceC([0, 0); RY) is a second countable metric space, the Boesb
field of C([0, 0)RY x RY) is theo-algebra generated by
2 = (C([0, 0); RY) x Z(C[0, o0); RY).

By going to the finite-dimensional distributions one can check that
Paxe) = Pxy X Pxy.

t t
dQ(Xl X2) f 1
0| ap| [ (b®, dXg) - = f b®2ds| x
dP(X]_,Xz) F p ) < l> 2 J | |
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t t
f (b(z),dxz>—% f Ib®@2ds|,
0 0

X exp

where
bB(xq ... %g) = b(X1 ..., Xa) - D@ (Xds1 - . - Xoq) = D(Xds1s - - - » Xod)s

SO thatQ(x, x,) = Qx; X Qx,.
It is clear that if¢ defined an invariant measure for the proc@ss
ie.

f p(x)dx = f 6(y)Qy(% € A)dy,
A

then ¢(y1)¢(y2) defines an invariant measure for the proc€gg x,).
Thus the procesQ(y, x,) is recurrent.

Next we show thati(T —t, Xy(t)) is a martingale (& t < T) for any
fixed T onC([0, T]; RY).

EQU(T - t, X(t).7s))
o[ f UCT = £y)a(t — S % dy)lxoxce
o[ f FQA(T - .y, d2q(t - s X dy)lxxco

o[ f FDUT = s % dlexcs
=uT-sX(9), s<t

It now follows thatu(T —t, Xy (t)) is a martingale o€([0, o0); RY) x
C([0, ); RY). Henceu(T — t, Xy(t)) — u(T —t, Xo(t)) is a martingale
relative toQ(x,,x,)-

LetV = S(0,6/2) c RY x RY with § < 1/4. If (x1, %) € V, then

X1 = X2| < |(X1,0) = (0,0) + (0, 0) - (0, %)| < 6.
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Claim 1. Q. x)(tv < T) —» 1 asT — oo, wherery is the exit time
fromRA - V.

Proof. If w is any trajectory starting at some point \ thenty =

0 < T, VT. If wstarts at some point outsidéthen, by the recurrence

property,w has to visit a ball with centre 0 and radi@&; hence it must

get intoV at some finite time. Thugy < T} T to the whole space as

T 7 oo. Next we show that the convergence is uniform on compact sets.
If X1, X2 € K, (X1,%2) € K x K (a compact set). Pwr(xg, X2) =

Q%) (v < T). Thengr (X, X2) > 0 andgr (X, X2) increases to 1 ab

tends toco.

g7 (X1, X2) = Qpu.x)(tv < T)
Quwx)(Ty < T),

where 262
5 = inf{t = 1: (X1, X2) € V).

Therefore

o7 (X1, X2) = EQ(xq, %2)(EQx1, %)((ry < T)h))
= E%(xe, %2)(Quuyxompity < T)))
= EQ(xq, %) (7 (X1(1), X2(1))),

wherey is a bounded non-negative function. Thus, if

hr (X1, %2) = Quuxe) (T4 < T) =
= EQxq, %) (01 (Xa(L), Xa(1))),

then by Lemm@&lhy is continuous for each, gr > hr andhy increases
to 1 asT — oo. Thereforeht converges uniformly (and so dogs) on
compact sets.

Thus givene > 0 choseT = Tg(e, K) such that ifT > T,

SUp sSUPQux)(tv =T - 1) <e

X2eK x1eK
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By Doob’s optional stopping theorem and the fact that
u(T —t, Xa(t)) — u(t — t, Xz(t))
is a martingale, we get, on equating expectations,

[u(T, x1) = U(T, x2)|
= [EQw2 [u(T — 0, X1(0) — u(T — 0, Xz(0)]|
= [EQ2 [u(T = (ry A (T = 1)), Xo(T = (v A (T = 1))-
= U(T = (rv A T(=1)), Xo(T = (zv A (T = 1)]|

| f [U(L Xa(1)) — U(L Xe(1))]d Qe +

{ry>T-1}
+ f [U(T - T\/, Xl(T - Tv)) - LI(T - Tv), X2(T - TV))dQ(Xl,X2)|'
{re<(T-1)}
263
Therefore
u(T, X1) — u(T, x2)|
< [ X)) - L XA Qu
{re2(T-1)}
+] f [U(T = 7y, Xa(T = 7v)) = U(T = 7y, Xo(T = 7))d Qx|
{rv<(T-1)}
< 2e+| f [U(T = 7y, Xo(T = 7)) = U(T = 7y, Xo(T = 7v))]d Qs 30)|
{re<(T-1)
sinceu is bounded by 1.
The second integration is to be carried out on the{Fet v > 1}.
Since | T¢(Sy) is equicontinuous we can choosesa> 0 such that
t=1
wheneverx, Xo € K such thatx; — Xo| < 6
ut,xg) —u(t, x)| < e, Vt=1
264

Thus|u(T, X1) — u(T, X2)| < 3e wheneverx, X € K andT > Ty.
This proves the Lemma. O
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Corollary to LemmaPBl sup f|q(t, X1, Y)|ldy converges t@as t— oo.
X1,%X€K

Proof. Since the dual ok!is L, we have

f la(t, X1, y) = q(t, X2, y)ldy
= sup | | [a(t, X2, y) — q(t, X2, )] f(y)dyl

Ifllo<1

and the right side converges to Otas oo, by LemmdD®.
We now come to the proof of the main theorem stated before Lemma
. Now
[ att.x3) - oty

- f ot x.y) - f Ot X, y)dxdy

(by invariance property)
= [1 [ et xpoorax - [ st < yaxy
(since f p(xHdxt = 1)
< [[ att.x3) - ate 0y (sinces > 0)

= f p(xH)dxt f la(t, x.¥) - a(t. ', )Idy

Since
Jootrad = Lt [ sty
Ixt<n
choose a compact setk such that [ ¢(x!)dx' < e. Then 265
RA-L

f p()dx f ot x.y) — ot 5 y)ldy
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= [otdrax [iattx) - e <y
L

+ f P()dx: f ot x.y) — o(t. ¥, y)dy

RA-L

1 _ 1
< [ f p(xydxt f la(t, X, y) — q(t, X%, y)ldv + 2e.

Chosetg such that whenever> tg,

t, % y) — q(t, x}, y)id _;
flq( x,y) = q(t. X", y)ldy < L+ [9(d)0d
L

VX, X1 in L. (Corollary to Lemmal9). Then

f ot x,y) - s)ldy < 3c,

if t > to¥x € K completing the proof of the theorem. ]



32. Ergodic Theorem

Theorem .Let f: RY - R be bounded and measurable wijthl., < 1. 266
If ¢ is an invariant distribution for the familyQy}, x € RY then

Jim EX(f(X(t) F(X(t2))) = [ f f(y)g(y)dyl®

O<ty—t; >0

Proof.

EQ[(f (X(ta) f(X(t2))]
= EXEX[f(X(tr)) f (X(t2))-F1,])
= EQ(F (X)) EXf (X(t))-F,)))

= E9(f(X(t)) f F(y)qtz — tr. X(t2), Y)dy). t2 >
(by Markov property),

@ = f f(D(ts, x 2z f Fy)atz — tr. 2 y)dy

does any bounded an measurabldy theorem of§ [37],

supl | f(W)Ia(t. x.y) - ¢(y)ldyt — 0

xeK

ast — +oo. We can therefore writg€}(1) in the form
EX(F(Xt) f(X(t))] =
- ([ 1@t x a3 [ fo+ [ 1@uu DA - 120z

275
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whereA(to—t, 2) converges to 0 (uniformly on compact setstas}t; —
400,
267 To prove the theorem we have therefore only to show that

f f(2a(t1, X, A(t, —t1,2)dz— 0

ast; — +oo andt; —t; — oo (becausef f(2)q(t1, x, 2)dz— [ f¢). Now
| [ f@atx 24 - . 202
< Ifl [ ot x 212 - . 2idz

@) < f olte. x AL — t1, 2)ldz

Let K be any compact set, then
[ atsx2dz= [aatsx2dz-> [ ooz
K

att; — oo. Givene > 0, letK be compact so that
| [ oo < e
then| f)(ch(tl, X, 2)dZ < 2¢if t; > 0. Using [2) we therefore get
| [ f@atax 2. - .20z

< IQ(tl, X, 2)|A(t2 — t1, 2)|dz + IQ(tl, X, 2)|A(t2 — t1, 2)|dz
K Ke

sfq(tl, X, 2)|A(t; — t1, 2)|dz+ 2fq(t1, X, 2)dz
K Ke

sincelA(tz — t1,2)| < 2,

< fq(tl, X, 2)|A(t; —t1, 2)|dz+ 2¢, if t; > 0.
K
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The theorem now follows from the fact that

lim suplA(t; —t1,2) =

to—t1 o0 7K

Weak Ergodic Theorem.

lim EX

Proof.

t

|Yff(X(s))ds—ff(X)¢(x)d)q>e

0

=

EQx

1
< SE
€2

t
|% f f(X(9)ds— f()p()dX > e‘ 0.
0

t
1 [ fexconds- [ f(y)¢<y)dw2‘,
0

277

by Tchebychev’'s inequality. We show that the right sidéd ast — .

Now
£ |12 f F(X(9)ds— f f""ﬂ
- %5 f f F(X(er) f(X(o2))dery derz + ( f fpcly)
_ 2z f F(X(o))dor f fpcly]
Also

SUIEQF(X(1)) - f Fy)e)dy]l

xeK
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= supl [ at xy) {0y [ 16)0)a

xeK
< Ifllo sup | 19(t, X, y) — ¢(y)ldy;
xeK

269 the right hand side tends to O &ends to+oco. Consider

t
B [ fxodo - [ 10)o0))
0
1 [ 1 t
:IEQX[Yff(X(O'))dO'—ff(y)¢(y)dy+fff(X(O'))dO'],OSTSt,
0 0

;
< %| f EQf(X(o))do - T f f(Y)o(y)dyl+
0

+|E°x[% f (XKoo~ () | f(y)¢(y)dy]|.
T

Givene > 0 chooseT large so that

[E(f(X()) - f fVe()dy <€, (o =T).

Then

t
E%( [ t(x)do - [ f@)sedy <
t

1 (o T
TofE [f(X(o))]
< 2¢

providedt is large. Thus

t
Jim E[T f F(X(0))do] = f fpdy.
0
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To prove the result we have therefore only to show that
1 t t 2
lim_ EQx[t—2 I f(X(crl»f(X«rz»daldaz]=[ [ 1oy
0 0

A

0

OB=AB=t

270
POR is the regiorry > tg, 071 — 02 > to.
Letl

- EQx[% f f f(X(crl»f(xwz»daldaz]—( | f¢dy)
0 0

2
- & [ |Etoxeioxean - ([ 1010t }da'lda'z

O<op<o01<t.

Then
2

<2 [ |EQx(f(X(al))f(X(az»>—( [ f(y)¢(y)dy) (dorders

APQR
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2
tg 2|f|%, [area ofOAB-— area ofPQR

By the Ergodic theorem the integrand of the first term on the right
can be made less thap2 providedty is large (see diagram). Therefore

e 2 4 2 ((t-2t))>
<= = fP —|IfI%|= -
=<3 zaeao QR+t2||fllool2 ( 5 )
e 21 2
< 5+ = [4tt — 4tg].
<€

if tis large. This completes the proof of the theorem. O



33. Application of Stochastic
| ntegral

LET b BE A bounded function. For every Brownian meastxgon 272
Q = C([0, ); RY) we have a probability measu€® on (, .%).

Problem. Let q(t, x, A) = Q«(X; € A) - q(t, X, -) is a probability measure
onRY. We would like to know ifq(t, X, -) is given by a density function
onRY and study its properties.

Step (i). q(t, %, -) is absolutely continuous with respect to the Lebesgue
measure.

For, p(t, x, A) = Px(X(t) € A) is given by a density function. There-
fore p(t, x, -) > my (Lebesgue measure). Since

Qx < Py on %,
q(t,z -) < Mg on ..

Step (ii). Let q(t, x,y) = 0 be the density function af(t, x, -) and write
p(t, X, y) for the density ofp(t, X, -). Let 1 < @ < c0. Put

t, X,
rit,x,y) = H

fqady:fr(zpady
Rd
1/a
— fr(zpl/ap%dys (fr(ﬁpdy) %

281
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a-1/a
> (f p(1+ldy)

273 Step (iii).
QX € A = [ atxydy
= [ rex et xy)ay
= fr(t, X, Y)Px(X; € dy).
Therefore 4O,
X —
Pk~ r(t, x,y)
Therefore
1/a
Jrea) =
dI:)X a?,Py

, since .Fc .4,

[l

a2 py
EPX [Z(t)az] }l/a
t 2 t
— (EP[exp@? f b.0%) - & f IbiZds)] e
0 0

t
4 4 _
_ {EPX[exp(azf(b,dX)—%f|b|2d5+ ¢
0 0

t
2
c f lbl2ds)]}Y/e,
0

i.e.,

) 1/«
(fr" pdy) < {EM

wherec is such thatb|® < ¢. Using Schwarz inequality we then get

2 1/a a4 _ (12 1/«
f r“ pdy] <|exp > ct .

t t

1/
4 _ ;2 4
exp[a Za ct + a? f(b,dX)— %fleds]]}
0

0




283
274 Hence

4 2 1/a a-1/a
fq"dys(exp[a Za ctD (f P"*ldy)

Significance.Pure analytical objects likg(t, X, y) can be studied using
stochastic integrals.
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Appendix
Language of Probability

275 Definition. A probability space is a measure spafe 4, P) with P(Q2)
= 1. Pis called gprobability measur@r simply aprobability. Elements
of % are calledevents A measurable functioX : (Q, %) — Rl is
called d-dimensionalrandom variable Given the random variablX,
defineF : RY — R by

F((a,...an) = Plw: Xj(w) < g, fori=1,2,...,d}

where X = (Xg,Xo,...,Xq). ThenF is called thedistribution func-
tion of the random variablX. For any random variablX, fX dP =
([ X1dP...., [ XqdP), if it exists, is calledneanof X or expectatiorof
X and is denoted b¥E(X). ThusE(X) = [XdP = u. E(X"), where
XM= (X1, X3,..., X)) is called then'™ momentbout zero E((X — 1)")
is called then™ central momentThe 2nd central moment is calledri-
anceand is denoted by we have the following.

Tchebyshev's Inequality.
Let X be a one-dimensional random variable with mean and variance
u. Then for everye > 0, P{w : [X(W) — u| > €} < 02/€°.

Generalised Tchebyshev’'s InequalityLet f : R — R be measurable
276 such thatf(u) = f(-u), f is strictly positive and increasing on,(®).
Then for any random variablé : Q — R,

E(f(X)

P(w : [X(W)| > €) < P

for everye > 0.

For any random variablX : Q — R4, ¢(t) = E(€@X) : R¢ - Ciis
called thecharacteristic functiorof X. Heret = (ty,...,tg) andtX =
11Xy + X0 + -+ - + tgXg.
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IndependenceEventsE,,..., E, are calledindependenif for every
{it,...,Ik) Cc{L,2,...,n} we have

P(Eil Nn...N Eik) = P(Eil)P(Eiz) . P(Eik).

An arbitrary collection of eventéE,, : a € 1} is called independent
if every finite sub-collection is independent. ¥, : « € |} be a
collection of subs-algebras ofZ8. This collection is said to be inde-
pendent if for every collectiofE,, : « € |}, whereE, € .%,, of events
is independent. A collection of random variable§, : a € 1} is said
to be independent o (X,) : a € 1} is independent where(X,) is the
o-algebra generated by,.

Theorem .Let X, Xp,..., X, be random variables with &, ..., Fx,

as their distribution functions and let F be distribution function o£X
(X1, ..., Xn), ¢x,. - - - » Ox, the characteristic functions ofiX .., X, and

¢ that of X = (Xq,...,Xn). Xi,...,Xn are independent if and only if
F((a1,....an) = Fx,(a1)...Fx,(an) forall as, ..., an, iff o((ts, . .., tn))

= ¢x,(t1) ... ¢x, (tn) for all tq, ..., tn. 277

Conditioning.

Theorem .Let X : (Q, %, P) — RY be a random variable, with ()
finite, i.e. if X= (Xq,...,Xq), E(X;) is finite for each i. Le® be a sub-
o-algebra ofZ. Then there exists a random variable YQ, %) — R
such that[ YdP= [ XdP for every C ir".

C C

If Z is any random variable with the same properties ther¥Z
almost everywhergP).

Definition. Any suchY is called theconditional expectation of X with
respect tdg¢” and is denoted bE(X|%).

If X = xa, the characteristic function & in %, thenE(yal%) is
also denoted bP(A|%).

Properties of conditional expectation.

1. EQU%) = 1.
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2. E(aX+hY|%) = aE(X|%) + bE(Y|¥) for all real numbers, b and
random variable¥, Y.

3. If X is a one-dimensional random variable akd> 0, then
E(X|¥) = 0.

4. If Y is a bounde®’-measurable real valued random variable and
X is a one-dimensional random variable, then

E(YX%) = YEX[?).

5. If 9 c € c %4 arec-algebras, then

E(E(XI%)12) = E(X|2).
6. [IEXIZ)NA(PI2) < [ E(XIE)d(PIE).
Q Q

Exercise 1.Let (QQ, %, P) be a probability spaces” a sube-algebra of
A. Let X(t,)Y(t,") : Q@ — Rbe measurable with respect % and%¢
respectively wheréranges over the real line. Further EgX(t, -)|%) =
Y(t,-) for eacht. If f is a simpleg’-measurable function then show that

f X(f (W), W)d(P[%) = f Y(f (w)w)dP

Cc c

for everyCin %.

[Hint. Let Aq,..., A, be a%-measurable partition such thatis con-
stant on eacld;. Verify the equality wherC is replaced byC N A;.]

Exercise 2.Give conditions orX, Y such that exercidg 1 is valid for all
boundeds-measurable functions and prove your claim.

The next lemma exhibits conditioning as a projection on a Hilbert
space.

Lemma . Let(Q, %4, P) be any probability spac& a sube-algebra of
A. Then
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(@) L%(Q, %, P) is a closed subspace of(Q, 4, P).

(b) If 7 : L3(Q, %B,P) - L%Q,%,P) is the projection,then(f) =
E(f%).

Proof. (@) is clear, because for arfye L1(Q, %, P)

fod(Prg):fodP

(use simple function & s; < ... < f,if f > 0)andL?(Q,%,P) 279
is complete.

(b) To prove this it is enough to verify it for characteristic functions
because both and f — E(f|%) are linear and continuous.

LetAe A, C e ¥ thenn(yc) = xc. Asn is a projection

f Ty ATCA(PI) = f AT)A(PI).

f (¢ a)A(PIB) = f Xad(PL).
C C

Sincern(ya) is ¥-measurable,

f (¢ a)d(PIB) = f (¢ a)d(PIZ)

c Cc

Therefore

f 7y A)d(PIE) = f ¥ad(PlB), VCin €.
C C

Hence

n(xa) = E(xal?).
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Kolmogorov’s Theorem.

Statement.Let A be any nonempty set and for each finite ordered subset
(t,to,...,ty) Of AJi.e. (t1,...,tn) an orderech-tuple witht; in A], let
280 Pyt be a probability on the Borel sets R" = R x R4 x - RA.

.....

() Lett:{12,...,n} —> {1,2,...,n} be any permutation ané :
RI" — RI" pe given by

(X1, -+ -5 %)) = (Xe(@)s -+ Xe(m))-

We have
P (E) =Pg. . (fE)
(te(@ysemte(my)
for every Borel set of RA" In short, we write this condition as
PTt = PtT_l.

(i) P (E) =Pt totnes. tnm)(E X R™ for all Borel setsE of RA"
(tz,...tn)
and this is true for ally, . .., t, thi1, - - ., them OF A.

Then, there exists a probability spacg £, P) and a collection of
random variabléX; : t € A} : (Q, ) — RY such that

P(t(E)t | = P{w: (X, (W), ..., X, (W) € E}

for all Borel setsE of RA",

Proof. Let Q@ = #{RY : t € A} whereR® = RI for eacht. Define
X : Q — RIto be the projection given b¥(w) = w(t). Let %, be
the algebra generated b¥; : t € A} and 4% the o-algebra generated by
{X; : t € A}. Having gotQ and % we have to construct a probabiligy
on (Q, %) satisfying the conditions of the theorem.

281 Giventy,...,t, define

Ayt - Q@ — RIXRIx .- x R(n times)
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by

.....

t1,...,tn in A and a suitable Borel sd of RA". DefineP on %, by
P(n(‘tllwtn)(E)) = Pw,...t)(E). Conditions (1) and (2) ensure thatis

,,,,,

a well-defined function o4y and that, ady, ) are measures? is

.....

finitely additive on4. m]

Claim.LetC; > C, ... > C, D ... be a decreasing sequenceZy
with Iri]mit P(Cn) = 6 > 0. ThennC, is non-empty. Once the claim is

proved, by Kolmogorov’s theorem on extension of measures, the finitely
additive set functior® can be extended to a meas&®en.%. One easily
sees thaP is a required probability measure.

Proof of the Claim. As C,, € %y, we have

w - (En) for suitablet™ in A

Ch= ok
®
...

and Borel seE,, in R et

To= (.10 and Ay=(tO,...tQ).

We can very well assume thay is increasing witm. Choose a compact2s2
subsetE], of E, such that
Pr.(En— Ej) < 6/2™1,
If C), = a71(Ep), thenP(Cy—Cp) < 6/2™2. If Cff = C{nCyN...NC},
thenC; c C/, c C,, C/ is decreasing and

n
P(C/) = P(Cn) - ) | P(Ci - C)) = §/2
i=1
We provenCy, is not empty, which proves the claim.
Choosew, in C. As nt,(Wy) is in the compact sefE; for all n,
choose a subsequence

n,n, ... of 1,2,... such thatrr, (Wn, (1))
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converges ag — co. But for finitely manyn(kl)’s, 71,(wn, (1)) is in
the compact se). As before choose a subsequem{fé of n(kl) such
thatzr, (wn (2)) converges ak — oo. By the diagonal process obtain a
subsequencay;, of w, such thatrr, (Wy;,) converges ag — oo for all m.
Thus, iftisin

| JAn then limitwi, (1) = %
m=1

exists. Definavbyw(t) = 0ift € A | ) AmW(t) = % ift € L) An One
m=1 m=1
easily sees that € (0'01 C//, completing the proof of the theorem.
n=1
Martingales.

Definition. Let (Q, .#, P) be a probability spaceT (<) a totally ordered
set. Let i)t be an increasing family of subp-algebras of%#. A
collection ()it of random variables of is called amartingalewith
respect to the family. )i if

(i) E(X]) < o0, VteT;
(ii) X is .Z#i-measurable for eadhe T;

(i) E(X{|Zs) = Xs a.s. for eachs, tin T witht > s. (Markov prop-
erty).
If instead of (iii) one has

()" ECXZs) = (£)Xs a.s.,
then Xyt Is called asubmartingale(respectivelysupermartin-
gale).

From the definition it is clear thaiX()r is a submartingale if
and only if Xt IS @ supermartingale, hence it ifiscient to
study the properties of only one of thegeis usually any one of
the following sets

[0,00),N,Z,{1,2,...,n},[0,00] or NU {oo}.
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Examples. (1) Let Xn)n=12.. be a sequence of independent random
variables with
E(Xq) = 0.

ThenY, = X1 +---+ X, is a martingale with respect to4,)n=12.. 284
where
ﬂn = O—{Y]_,,Yn} = O_{X]_,,Xn}

Proof. By definition, eachy}, is .#,-measurable.

E(Yn) = 0.
E((X1 + -+ Xn+ Xngeg + - + Xngm)lo{Xg, ..., Xn})
=X+ + Xn+ E(Kngz + -+ + Xnem)lo{Xe, ..., Xn})
=Yn+ EXns1 + - + Xnem) = Y

O

(2) Let @,.#,P) be a probability spacey a random variable with
E(Y]) < . Let . c .% be ac-algebra such thatt € [0, o)

FrC Fs if t<s

If X; = E(Y|.%), X is a martingale with respect to’).
Proof. (i) By definition, X; is .#-measurable.
(i) E(X) = E(Y) (by definition)< oo.
(i) if t>s,
E(XilFs) = E(E(Y[4)|.Fs) = E(Y|-Fs) = Xs
O

Exercise 1.Q = [0,1], .# = o-algebra of all Borel sub sets 6f, P =
Lebesgue measure.
Let .7, =-algebra generated by the sets

1.1 2 2"-1
032 2) . [Ft)
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Let f € L’[0, 1] and define 285
2n_l J/Zn 1
—on L n
Xn(w) = 2 Z)([J_Z#,E,n) f f dy+)([2_2r_1_1’1] f fdy
=1 j-1/2n n-1/2n

Show that k) is a martingale relative to%n).
Exercise.Show that a submartingale or a supermartingalg¢ is a mar-
tingale if E(Xs) = constant.
Theorem . If (X)ieT, (Yi)ieT are supermartingales then
() (aX% + bYy)er is a supermartingaleya, be R* = [0, o).
(i) (Xt A Ypier IS @ supermartingale.

Proof. (i) Clearly Zi = aX + bY; is #-measurable an&(|Z]) <
aE(lth) + bE(lYtl) < 00,

E(aX + bYil.7s) = aE(Xi|-Fs) + bE(Yi|.Fs)
SaXS+bYS:ZS, |f tZS.
(ii) Again X; A 'Y; is #-measurable anB(|X; A Yi|) < oo,
E(Xt A Ytlgs) < E(ngis) < Xs.

286 Similarly
EQG A Vi Fs) < EMilFs) <Ys, if t>s

Therefore
E(Xt A Yt|ys) < XsA Y.

[m]

Jensen’s Inequality. Let X be a random variable incX, #, P) with
E(X]) < oo and letg(x) be a convex function defined on the real line

such thatE(j¢oX|) < 0. Then
P(E(X|?)) < E(¢oX|€) a.e.

where% is any subs-algebra of%.
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Proof. The functiong being convex, there exist sequenegsay, . .. an,
...,b1, by, ... of real numbers such tha{x) = suga,x+ by) for eachx.
n

LetLn(X) = apx+ b,. Then
Ln(E(XI%)) = E(Ln(X)I?) < E(¢(X)I)

for all n so that
(E(XI?)) < E(¢(X)E).

O

Exercise. (a) If {X; : t € T}is a martingale with respect {o7; : t €
T} andg is a convex function on the real line such tE&ls(X;)|) <
oo for everyt, then{¢(Xy)} is a sub martingale.

(b) If (Xt is @ submartingale and(x) is a convex function and
nondecreasing and E(j¢oXi]) < oo, Yt then {¢(X;)} is a sub-
martingale. (Hint: Use Jensen’s inequality).

Definition. Let (Q, %, P) be a probability space andA)icjo,.) an in- 287
creasing family of suler-algebras of%. Let (Xi)cjo,.) be a family of
random variables of2 such thatX; is .#;-measurable for each> 0.

(%) is said to beprogressively measurablé

X:[0,t] x Q2 — R defined by X(sw) = Xg(wW)
is measurable with respect to thealgebra|0, t] x .#; for everyt.

Stopping times.Let us suppose we are playing a game of chance, say,
tossing a coin. The two possible outcomes of a tossHafeeads) and

T (Tails). We assume that the coin is unbiased so that the probability
of getting a head is the same as the probability of getting a tail. Further
suppose that we gainl for every head and lose 1 for every tail. A game
of chance of this sort has the following features.

1. A person starts playing with an initial amouxitand finishes with
a certain amouni.
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2. Certain rules are specified which allow one to decide when to stop
playing the game. For example, a person may not haffecisunt
money to play all the games, in which case he may decide to play
only a certain number of games.

It is obvious that such a game of chance is fair in that it is neither ad-
288 vantageous nor disadvantageous to play such a game and on the average
M will equal N, the initial amount. Furthermore, the stopping rules that
are permissible have to be reasonable. The following type of stopping
rule is obviously unreasonable.

Rule. If the first toss is a tail the person quits at time 0 and if the first
toss is a head the person quits at time1.

This rule is unreasonable because the decision to quit is made on
the basis of a future event, whereas if the game is fair this decision
should depend only on the events that have already occured. Suppose,
for example, 10 games are played, then the quitting times can be 0,
1,2,...,10. If &, ..., &0 are the outcomesi(= +1 for H, & = -1 for
T) then the quitting time at the 5th stage (say) should depend only on
&1,...,& and not any ofs, . . ., &o. If we denotef = (£4,...,&10) and
the quitting timer as a function of then we can say thd¥ : r = 5
depends only, ..., &4}, This leads us to the notion of stopping times.

Definition. Let (@2, .7, P) be a probability space,#i)ejo,.) an increas-
ing family of suber-algebras of%. r : Q — [0, o] is called astopping
timeor Markov time(or a random variable independent of the future) if

w:tw) <t}je.% foreach t>0.

Observe that a stopping time is a measurable function with respect
to o (U.%) C Z.

289 Examples. 1. 7 =constantis a stopping time.

2. For a Brownian motionX;), the hitting time of a closed set is
stopping time.

Exercise 2.Let %, = (| Zs= St
Def s>t
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[If this is satisfied for every > 0, .%; is said to beight continuoug If
{r <t} € # for eacht > 0, thenr is a stopping time. (Hint{r <t =

ﬁ {r <t+ 1/n} for everyk).
n=k
We shall denote by, thec-algebra generated by) .#:. If ris a
teT

stopping time, we define
Fr={Ae Z : ANn{T <t} € F, Vit >0}
Exercise 3. (a) Show that#; is ac-algebra. (IfA € Z#;,

Aln{r<ti={t<ti-An{r<t)).

(b) If T =t (constant) show tha#, = .%;.
Theorem .Letr ando be stopping times. Then
(i) 7+ o, 1vo, T A o are all stopping times.
(i) If o <7, then%, c Z,.

(iii) 7is.Z#-measurable.

(iv) If A e Z,, then An{oc =t} and An {o < 1} are in F 5 C
Zy N Z. In particular, {r < o}, {r = o}, {r > o} are all in 290
Fr N Fy.

(v) If 7" is #.-measurable and’ > r, thent’ is a stopping time.

(vi) If {rn} is a sequence of stopping times, thiemz,. lim 7, are also
stopping times provided tha#, = %, ¥t > 0.

(vii) If | 7, thenz; = ﬁ Fr, provided that#, = %, Yt > 0.
n=1

Proof. (i)

{fc+ti>t)={c+r>t,r<to<t}u{r>t}U{o >t}

{fc+r>to<t)=r<
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= U{0'>r>t—‘r,1'§t,a'st}

re2
O<r<t

(£ = set of rationals)
fo>r>t—-rnr<t,o<t}j={tzo>r}In{tzr>t-r}
={loc<tin{c<ri®nir<tyin{r<t-rl°

The right side is in%;. Thereforeo + 7 is a scopping time.
{tVo<t}={r<t)n{oc <t}
fthno>t)={r>t}n{oc >t}

(ii) Follows from (iv).
(|||) {T < t}{T < S} = {Tst/\ S} (S %/\SC yg, Vs> 0.
(iv) An{fo<tn{icAaT<t}=[An{oc<t<T]
U[AN U {o<<tin{r <t}] € #.
054
291 Anfo<tin{oAnT<t}=An{c<tin{oc <t}
It is now enough to show that(< 1) € .%,; but this is obvious

becauser < o) = (o < 1)%isin . F,r: C Z,. ThereforeAn{o <
T} € Z5ar @nd (iv) is proved.

V) (T stt={ <stIn{r<t}e % as  <t) e Z. Thereforer is
a stopping time.

(vi) lim T = supinf 7
- n k=n
= supir}f inf{Tn, Thet, .« .5 Tnee)-
n

By (i), inf{rn, Thi1,...,Tnee} IS @ stopping time. Thus we have
only to prove that ifry T 7 or t, | T wherer, are stopping times,
thent is a stopping time. Let, T 7. Then{r <t} = N{ry < t}

n=1
so thatr is a stopping time. Let, | 7. Then

o0

(r2th={ |ira 21tk

n=1
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By Exercise 37 is a stopping time. Thaim 7, is a stopping time
is proved similarly.

(vii) Sincet < ™, VN, Z: € (| F;,. LetA € N F;,. Therefore
n=1 n=1
An(th<t)e FZ,Vn. An(r<t)= NAN(tm < 1)) € %A.
m=1
ThereforeA € %,
m|

Optional Sampling Theorem. (Discrete case)Let {Xy,..., X} be a
martingale relative tq.71, ..., .%k}. Let{ry,...,7p} be a collection of
stopping times relative t0#1, ..., %} such thatry < 7o < ... < 1p 292
a.s. and eachr; takes values iil,2,....k}. Then{X.,...,X; } is a
martingale relative to{.#,,,..., 7} where for any stopping time,
Xe(w) = XT(W)((‘))

Proof. Itis easy to see that eadh, is a random variable. In fact, =

k
2 XiX(em=i}- L€tT € {1,2,...,Kk}. Then
i=1

k
E(IX,]) < Zf|x,-|dp< 0.
=1

Consider

X <N =X <) e s
{<s
Then X, < t)isin 7, i.e. X is #; -measurable. Next we show
that
*) E(Xy|Fr) < Xoe i 2k

(*) is true if and only if
fxrdest,de forevery Ae .

A A
The theorem is therefore a consequence of the following O
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Lemma .Let{Xy,..., Xx} be a supermartingale relative to
{(F1,.... P
If r and o are stopping times relative o, . .., %} taking values in

{1,2,...,k} such thatr < o then

fXTszfXGdP forevery Ae 7.
A A

293  Proof. Assume firstthat- — v < 1. Then

k
Af(xf Xyp= [ - %P

=l an(=])n(r<o)]
k

> [ =X
= pn(e=i)]

A € Z. ThereforeAn (r = j) € .#;. By supermartingale property

(Xj - Xj+1)dp >0.
[AN(T=])]

Therefore

f(xT ~ X,)dP > 0.
A

Consider now the general case< o. Definet, = o A (t + n).
Thereforer,, > 1. 7 is a stopping time taking values i, 2, ..., k},
Tl =Tn, Tm1i—-Tn<l 1«=o0.
ThereforefX dP > fxwdp VA € Z,.. If A e F thenA ¢
Frar YN Therefore

fx,ldpzfx,zdpz...zfx,kdp, VA€ Z,.

A A A
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Nowt; — 7 < 1.1 < 71. Therefore

fx,dpzfx,ldpzfxadp.
A A A

This completes the proof. m|
N.B. The equality in (*) follows by applying the argument to 294
{(—X1, ..., =Xk}

Corollary 1. Let{Xi, Xs,..., Xk} be a super-martingale relative to
{(F1,..., P
If T is any stopping time, then
E(Xk) < E(X?) < E(Xa).

Proof. Follows from the fact thagXy, X;, Xk} is a supermartingale rela-
tive to {71, F+, Fi). O

Corollary 2. If {X1, Xo,..., Xk} is a super-martingale relative to
{(Z1,..., P}
andr is any stopping time, then

E(Xr) < E(IX1]) + 2E(X;) < Slsupl)( E(1Xn))
<n<
[X — X

where for any real x, Xx= >

Xkl = Xk

Proof. X = , S0 E(X;) = E(IXk]) — E(Xk).
By theorem{X;AQ, Xk AQ} is a super-martingale relative {& ., .Z}.
ThereforeE(Xk A 01.%;) < E(X; A 0). Hence

E(X:]) - E(X)

E(%) = E(X;) = .
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Therefore

E(XD) < 2E04) + E(X)
< 2E(X;) + E(X1) < 3 sup E(IXq).

1<n<k

O

Theorem . Let(Q, .#, P) be a probability space an@#;)»o on increas-
ing family of subs-algebras of%. Lett be a finite stopping time, and
(Xt=0 a progressively measurable family (i.e. :X[0,0) x Q — R
defined by Xt,w) = X{(w) is progressively measurable). If.v) =
Xew) (W), then X is .#.-measurable.

Proof. We show thafw : X(r(w),w) < t,7(w) < s} € % for everyt.
Let Qg = {w: (W) < 8}; Qg € %5 and hence ther-algebra induced by
Zs0nQgis precisely

Sincer(w) is measurable,
w — (r(w),w) of Qgs— [0, 3] xQs

is (Zs, A0, 5| x Fs)-measurable. Sincé is progressively measurable,

X .
[0,9 x Qs — R is measurable.

Therefore{w : X(r(w),w) < t,7(w) < s} € o-algebra o). There-
fore X; is ., measurable.

The next theorem gives a condition under whigf)&o is progres-
sively measurable. O

Theorem . If X; is right continuous in tyw and X is .#-measurable,
Yt > 0then(X)is0 is progressively measurable.

Proof. Define

Xn(t,w) = X( Lt

[nt] + 1’W). [nt] +1
n n
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Then
nLt Xn(t,w) = X(t,w) (by right continuity)
296

Step 1.Supposd is rational, T = m/nwherem > 0 is an integer. Then
{tbw):0<t<T, Xp(t,w) < a}
- U el
O<i<m-1
Thus if T = m/n, Xalo)xa is %[0, T] x Fr-measurable. Now
T= ll((—r: Lettingk — oo, by right continuity ofX(t) one getsX|jo)xq iS

[0, T] x #r-measurable. AX(T) is #7-measurable, one geXjo 1jxo
is [0, T] x .%#7-measurable.

Step 2.Let T be irrational. Choose a sequence of ratioiglgcreasing
toT.

{tbw):0<t<T, X(t,w) < a}
= JIt,w) 1 0 <t < Sy, X(t,w) < @} U{T} x X7 (-e0,0]
n=1
The countable union is i8]0, T]x.%7 by Step 1. The second mem-
ber is also inZ[0, T] x F7 asX(T) is Fr-measurable. ThuX|o Tjxo
is Zo,1] X F7-measurable whef is irrational also.

O

Remark. The technique used above is similar to the one used for prov-
ing that a right continuous functiofi: R — R is Borel measurable.

Theorem .Let{X,..., Xk} be a supermartingale andgl> 0. Then 297
(1) AP(sup Xn > ) <EX) - [ XdP
1<n<k {supxn<ﬂ}
1<n<k

< E(Xq) + E(X).
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(@) AP(inf Xa<-)<- [ XdP
1<n<k {inf Xh<-1}

< E(X)).
Proof. Define
(W) =inf{n: Xy >4} if supXy >4,
=k, if supXj< A
n

Clearlyr > 0 andr is a stopping time. It < k, thenX.(w) > A for

eachw.
E(X) = f X dP + X dP
(supXp=21) (supXp<A)
> AP(supXp > 1) + f X dP.
(supXn<2)
Therefore

E(X1) > AP(SUpXn > A) + f X dP

(supXp<A)

AP(SUPXn > A) < E(Xq) — f XedP < E(X) + E(X)

(supXn<2)
The proof of (2) is similar if we define
inf{n: X, <-4}, if inf X, < -2,
T(w) = L
K, if inf X,>-A.
O

298 Kolmogorov's Inequality (Discrete Case)Let{X4,..., Xk} be a finite
sequence of independent random variables with nedrnen

P( sup(IXg + -+ Xpl = Q) < /l_le((Xl + X4+ Xk)z))

1<n<k
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Proof. If Sy = X1 +---+ Xp,n = 1,2,...,k then{Sy,...,S¢} is a
martingale with respect t6%,..., %} where %, = o{Xy,..., Xn}.
ThereforeS2, ..., S2 is a submartingale (since - x? is convex). By
the previous theorem,

A?P{inf =S2 < —2%} < E((-S2)7)
Therefore
E((-S2)) B E(S2)
22 A2
_2 E((Xy + X X)?
-2 ((Xe + Xz + -+ + Xi)9).

P{sup|Sy| = 1} <

O

Kolmogorov’'s Inequality (Continuous case)Let {X(t) : t > O} be a
continuous martingale with &(0)) = 0. If 0 < T < oo, then for any

e>0

P{w Osu<|c; IX(s,W)| > 6) < —E((X(T)) )-

Proof. For any positive integek defineYp = X(0),

T oT T
Y; = X(?)—X(O), Y2=x(§)—x(?),...,vzk

(F ) (5)

By Kolmaogorov inequality for the discrete case, for any O.

( sup |x(2k)| > 5) —ZE((X(T))Z).

O<n<2k

- nT
By continuity of X(t), Ax = {w: sup |X( x )l > ¢} increases to 299

0<n<2k
{ sup |X(s)| > 6} so that one gets
0<s<T

1) (oft‘fi Xl > 6) < SE(XM)).
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Now

. 1
P( sup |X(9)| = e) < limit P( sup [X(9)| > € — =
O<s<T M—eo \o<s<T m

< limit ——— it 1/ U E((X(T))?), by ().
= 1/E((X(T))?).
This completes the proof. O

Optional Sampling Theorem (Countable case)Let {X, : n > 1} be

a supermartingale relative t¢%#, : n > 1}. Assume that for some
Xeo € L1, Xy > E(Xol-Z). Leto, T be stopping times taking values in
N U {oo}, with o < 7. Define X = X, on{o = o} and X = X, on
{o- = oo}. Then EX |.%,) < X,

Proof. We prove the theorem in three steps.
Step 1.Let X, = 0 so thatX, > 0. Letry = 1Ak, ox = T Ak By
optional sampling theorem for discrete cds@X; ) < E(Xx) < E(Xy).

By Fatou’s lemmaE(X;) < o. Again by optional sampling theorem
for the discrete case,

E(Xr %6 ) < Xoy - - -5 (0).
300 LetAe Z,. ThenAn {0 <k} € Z,;,, and by (0)

X dP < f X, dP < f X dP < f X,dP,
An{r<k} AN(r=<k) ANn(o<k) AN(o<k)

Lettingk — oo,

(1) fXTdPS f X,.dP
AN(t#00) AN(o#00)

Clearly

2) f XTdP=medP: f X, dP

AN(r=c0) A AN(o=c0)
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By (1) and (2), infX dP < [ X-dP, proving that
A

E(X|-Z0) < X

Step 2.SupposeX, = E(Xo|%n). In this case we show thaX; =
E(X|-%;) for every stopping time so th&(X.|.%,) = X,. If A e F#,,
then

f X dP = f XdP forevery k.

(r<Kk) AN(r<K)
Lettingk — oo,
(1) f X.dP = f XodP
AN(1#00) AN(1#00)
) f x,dP:fxde: f X dP
AN(t=00) A AN(t=00)

The assertion follows from (1) and (2).
Step 3.Let X, be general. Then 301
Xn = Xn — E(Xool#1n) + E(Xool Fn).
Apply Step (1) toY, = X, — E(X-|-%n) and Step (2) to
Zn = E(Xool-%n)

to complete the proof.

Uniform Integrability.

Definition. Let (Q, 4, P) be any probability spacé,! = LY(Q, %, P).
A family H c L is calleduniformly integrableif for every e > 0 there

exists & > 0 such that [ [X|dP < e for all Xin H.
(IX[=6)
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Note. Every uniformly integrable family is a bounded family.

Proposition . Let X, be a sequence in'Land let %, — X a.e. Then
Xn — X in LY iff {(Xn : n > 1} is uniformly integrable.

Proof. is left as an exercise. m]

As {X, : n > 1} is a bounded family, by Fatou’s lemmé e L.
Let e > O be given. By Egorfd’s theorem there exists a detsuch that
P(F) < e andX, — X uniformly onF.

f X = XIAP < X = X+ f X - XIdP
F

< % = Xl r + f XoldP+ f X|dP
F F

< X = Xl + f XoldP + f IX|dP+
FN(Xn[>6) FN(|X[=6)
+ f [Xn|dP + f XdP
FN{[Xn|<o} FN(X|<6)
<|IXn = X”oo’Q_F + f [XnldP + f |X|dP + 26€
(1Xnl=6) (1XI=6)

302
The result follows by uniform integrability dix, X, : n > 1}.

Corollary . Let% be any subr-algebra of#. If X, —» X a.e. and Xis
uniformly integrable, then §,|%) — E(X|¥) in LY(Q, €, P).

Proposition . Let H c L. Suppose there exists an increasing convex
function G: [0, o) — [0, o) such that

limit @ =oco and supE(G(X]) < oo.
t XeH

t—oo

Then the family H is uniformly integrable.
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Example.G(t) = t? is a function satisfying the conditions of the theo-
rem.

Proof. (of the proposition). Let

M = SupE(G(IXI)).
XeH

Let e > 0 be given. Choosé > 0 such that

60 , M

for t>§6.
t €

Then forXinH

f IX|dP < ﬁ f G(X)dP < ﬁf@(m)dpg
G

(IX29) (1X]=0)

Remark. The converse of the theorem is also true.

Exercise.Let H be a bounded set ih®, i.e. there exists a constakt
such thaf|X|l. < M for all Xin H. ThenH is uniformly integrable.

Up Crossings and Down Crossings. 303

Definition. Let a < b be real numbers; let;, s, ..., s be also given
reals. Defineq, i», ..., ik as follows.

- inf{n: s, < aj,
“k ifnos <a

i inf{n > iy : s, > b},
27 \k, if s, < bfor eachn > iy;

P infin>1i,: s, <aj,
37k, if s, > afor eachn > s

and so on
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Letty = s,, 2 = S,,.... If (t1,12), (t3,14),..., (top-1,t2p) are the
only non-empty intervals andof.1,t2p+2), ... are all empty, therp is
called the ******** of the sequencesy, . ..,  for the interval g, b] and

is denoted byJ(sy, ..., s;[a b]).
Note.U (the up crossing) always takes valuegnl, 2,3, ...}.

Definition. For any subse® of reals define
U(S;[a b]) = sugU(F;[a b]) : F is a finite subset 06}
The number of down crossings is defined by
D(S;[a b]) = U(-S;[-b,-a)).
For any real valued functioh on any set we define
U(f, S, [a b)) = U(f(S).[a b]).
If the domain ofS is known, we usually suppress it.

304 Proposition . Let &, ap, ... be any sequence of real numbers ang-S
{a1,a,...}. fU(S,[a b]) < « for all a < b, then these sequen¢a,}
is a convergent sequence.

Proof. It is clear that if T c S thenU(T,[a,b]) < U(S,[ab]). If
the sequence were not convergent, then we candiaddb such that
liminf a, < a < b < limsupa,. Choosen; < ny < ng...; M < nMp <
...such that, <aanday > bforalli. If T = {an,, am,, an,, amy. - - .},
thenU(S;[a, b]) > U(T;[a, b]) = oo; a contradiction. m]

Remark. The converse of the proposition is also true.

Theorem . (Doob’s inequalities for up crossings and down crossings).
Let {X1,..., Xk} be a submartingale relative t671,..., %#k}a < b.
Define Uw, [a,b]) = U(X1(w),..., Xk(w); [a,b]) and similarly define
D(w, [a,b]). Then

() U, D are measurable functions;



(i) E(U(.[ah) <

309

E(Xk —a) + 1) - E(X1 —a)").
b-a '

(i) E(D(.[a-b]) < E(X«—Db)")/(b-a).

Proof. (i) is left as an exercise.

(i) Define Y, = (X, — a@)*; there are submartingales. Then clearly

Yn < 0if and only if X, < aandY, > b - aiff X, > b, so that
uYi(w),..., Yi(w); [0, b —a]) = U(Xz(w),..., Xe(W); [a, b))

305
Define

T1=1

inf{n:Y, =0}
T =
k, if eachY, =0

infiln>1:Yy,>b-a,
T =
3 k, if Yh < b-aforeachn> r5;

Tks1 = K.

As{Yy,..., Yk} is a submartingale, by optional sampling theorem
Yy, ..., Yr,, IS @ls0 a submartingale. Thus

(1) E(YTZ _YT1)+ E(YT4_YT3)+"' > 0.
Clearly

[(Yeg = Yep) + (Yeg = Yo, ) + - 1(W) = (b—28) U (Ya(W), ... Yi(W);
[0,b-a]) = (b—a) U (w,[a b))

Therefore

(2) E(Y‘rs - Y‘rz) + E(Y‘rs - YT4) +e-2 (b - a)E(U (" [aa b]))
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By (1) and (2),
E(Yk - Y1) = (b-a)E(U(..[a,b]))
giving the result.
(iii) Let Y, = (X, —a)* so that

D(Y1(w), ... Yi(w); [0,b — a]) = D(Xy(W). . ... X(w); [a b])

306 Define
T1=1;

_|inf{n: Y, >b-a},
|k, ifeachY, <b-a:

inf{n>15:Y,=0},
T =
k, if eachYy > O for eachn > 75;

Tke1 = K.
By optional sampling theorem we get
02> E(Yr, = Yeo) + E(Yz, = Yeo) +--- .
Therefore
0> (b-a)E(D(Ys,..., Yi; [0,b—a])) + E((b - a) — Yk).
Hence

E(D(.[a,b])) < E(X-a)" - (b-a)/(b-4a)

L E&-b")
- (b-9
for all c.

,forc-a)*-(b-a)<(c-h)"*
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Corollary . Let{X,..., Xx} be a supermartingale. U, D as in theorem.
Then

() E@(.[ab)) < “XADZECAD

b-a
() EQUC [a b)) < D)

Proof. (i) E(D(,[a b)) = E(U(=Xi(W), ..., —Xk(W), [-b, —a])
_ E((=Xc+b)" = (=Xq +b)")
- b-a ’
_ E(bAX) - (bA X))
< b_a ,

since for alla, b,c, (b-¢)* —(b-a)* <(baa) - (bAc).

(i) E(U(.[ab]) =
= E(D(=X2(W), ..., =Xk(w); [-b, —a]))
< E(Xc+a)")
<=5
_ E(C%- b))
<—Vp—a
(since X +a)t < (Xk—b)~,

by above theorem,

since for

by theorem,

O

Theorem .Let{X,:n=1,2,...} be a supermartingale relative {c#,, :
n=12...}. Let(Q, .7, P) be complete.
() If supE(X;) < oo, then X converges a.e. to a random variable
dennoted by X.
(i) if {Xy : n = 1} is uniformly integrable, then also.Xexists. Fur-

ther, {X, :n=1212,..., n = oo} is a supermartingale with the
natural order.

@iy if {X, : n > 1} is a martingale, theX, : N > 1,n = oo} is a
martingale.

307
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Proof. (i) LetUWa, b]) = U(Xy(w), Xo(w),...,[a b]). By the coro-
llary to Doob’s inequalities theorem,
E(U(.[a,b]) < supE((Xn—b)7) < eo
n
308 for all a < b. Allowing a, b to vary over the rationals alone we
find that the sequenc, is convergent a.e.
(i) SUpE(X;) < supE(|Xn]) < oo so thatX,, exists. AsXy — X in
n n
L we get thafX, : n > 1,n = o} is a supermartingale.

(iii) follows from (ii).
m]

Proposition . Let{X; : t > 0} be a supermartingale relative {o# : t >

0. I =[r, 9, a< bandS any countable dense subset. Let,\$ N
I,[a,b]) =U(, {X(W) : te SN}, [a b]). Then
E(Xs—b)7)

EUG.SN 1 fab) < =

Proof. LetS N | be an increasing union of finite sdtg: then

E((Xmaxe, = D)) _ E((%s= b))

E(U(., Fn.[a,b]) < b_a = b-a

The result follows by Fatou’s lemma. O

Exercise .If further X; is continuous i.et — X;(w) is continuous for
eachw, then prove that
E((Xs—Db)7)

b-a

Theorem .Let (Q,.%#, P) be complete andX; : t > 0} a continuous
supermartingale.

E(U(.1.[a b)) <

309 (i) If supE(X{) < oo, then X converges a.e. to a random variable
t=0

Xeo-
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(i) If {X; : t = 0O} is uniformly integrable then also Xexists and
{X;:t>0,t = oo} is asupermartingale.

Proof. (i) E(U(,[0,n],[& b])) < E((X, —b)7)/(b - a) so that

imit EQUC. 0,11, [a. b)) < sup= 02— )
0<s b-a

for alla < b. Thus{X;(w) : t > 0} converges a.e. whose limit in
denoted byX,, which is measurable.

(i) As E(X{) < E(IX:) by (i) X exists, the other assertion is a con-
sequence of uniform integrability.
i

Corollary . Let{X; : t > O} be a continuous uniformly integrable mar-
tingale. Thern(X; : 0 <t < oo} is also a martingale.

Exercise.Let{X; : t > 0} be a continuous martingale such that for some
Y with0 <Y < 1 E(Y|%) = X; show thatX; — Y a.e.

Lemma . Let (Q,.#, P) be a probability space#; > %, > %#3... be
subo-algebras. Let X X, ... be a real valued functions measurable
with respect to#, ..., %, ... respectively. Let

(i) E(Xn—ngZn) < Xn

(ii) SUPE(Xn) < co.

Then{X, : n > 1} is uniformly integrable. 310

Proof. By (i) E(Xy) is increasing. By (ii) givere > 0, we can findng
such that ifn > ng thenE(Xy) < E(Xp,) + €. For ands > 0,

N> ng f |XnldP
(1Xnl=6)
(Xn=-9) (Xn<6)
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< f ~Xp, AP — f X, 0P+ E(Xn) by (i)

(Xn<—0) (Xn<0)
<e+ f XnodP — f Xn,dP  (becausE(Xn) < E(Xn,) + €)
(Xn=9) (Xn<-0)
ser [ P
(IXnl20)

Thus to show uniform integrability we have only to sh&{X,| >
6) — O uniformly innas§ — co. Now
E(Xnl) = E(Xn + 2X7)
< E(Xn) + 2E(IX41l) - by (i)
< M < oo for all n by (ii)

The result follows a®(|X,| > §) < M/6. O

Optional Sampling Theorem.(Continuous case).

Let{X; : t > 0} be a right continuous supermartingale relative to
{Z : t > 0}. Assume there exists an,> L’ (Q,.%#, P) such that X >
E(X-|-%) for t = 0. For any stopping time taking values if0, o], let
X; = X ON {7 = o0}. Then

(i) X;isintegrable.
(ii) If o < 7 are stopping times, then
E(X| o) < X

Proof. Define
[2"0] + 1 [2"0] + 1
= —2n N Tn = —Zn .
Theno, m, are stopping timesgp < ™, ¢ < oy, T < The O,y
T, take values irD,, = {0, 0,1/2",2/2",...,1/2",...} so that we have
E(X¢ |-Zo,) < Xo,- Thusif,Ae %, c ., , then

*) fxfndpsfxandp
A

A

On
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Aso1 > o2 > ..., by optional sampling theorem for the countable
case, we have

EXop 1l Fon) £ X
Further
Foy D Py Doy E(Xe | Z0) < Xo.

By the lemma{X,,}, {X;,} are uniformly integrable families. By
right continuity X,,, — X, pointwise andX;, — X, pointwise. Letting
n — oo in (*) we get the required result. ]

Lemma (Integration by Parts). Let M(t, ) be a continuous progres-312
sively measurable martingale andtAw) : [0,) x Q — R be of
bounded variation for each w. Further, assume thét W) is .#-measu-
rable for each t. Then

t

Y(t.) = M(t )AL, ) = f M(s A )
0
is a martingale if

E(sup IM(s, ) IAC)Il) < oo

O<s<t
for each t, whergA(w)||; is the total variation of As,w) in [0, t].

Proof. By hypothesis,
n

Z M(s ) (A(si11.-) — A(S:, )
i=0

converges to
t

f M(u, -)dA(u, -) in Lt asn — o

S

and as the norm of the partitid= 59 < 51 < ... < S31 = t converges
to zero. Hence it is enough to show that

E(M( )AL ) = > M(Sie1, A1) — AS, )] 7s)
i=0
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= M(s,)A(S, ).

But the left side= E(M(Sh+1, - )A(Shi1, ) —

n
= > M(si1, YA 1) - Als )LFS)
i=0
= M(s )A(S ).
313 Taking limits asn — o and observing that

sup|(s+1-9S) — 0,

O<i<n

we get

t
E(M(t.)A(. ) - f M(u, JdA, )|F9)
0

S

= M(s)A(S ) - f M(u, JdA. ).

0
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